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Abstract 

We construct a Lagrangian description of irreducible integer higher-spin representa- 
tions of the Poincare group with an arbitrary Young tableaux having k rows, on a basis 
of the universal BRST approach. Starting with a description of bosonic mixed-symmetry 
higher-spin fields in a flat space of any dimension in terms of an auxiliary Fock space associ- 
ated with special Poincare module, we realize a conversion of the initial operator constraint 
system (constructed with respect to the relations extracting irreducible Poincare-group 
representations) into a first-class constraint system. For this purpose, we find, for the 
first time, auxiliary representations of the constraint subalgebra, to be isomorphic due to 
Howe duality to sp{2k) algebra, and containing the subsystem of second-class constraints 
in terms of new oscillator variables. We propose a universal procedure of constructing 
unconstrained gauge-invariant Lagrangians with reducible gauge symmetries describing 
the dynamics of both massless and massive bosonic fields of any spin. It is shown that 
the space of BRST cohomologies with a vanishing ghost number is determined only by 
the constraints corresponding to an irreducible Poincare-group representation. As exam- 
ples of the general procedure, we formulate the method of Lagrangian construction for 
bosonic fields subject to arbitrary Young tableaux having 3 rows and derive the gauge- 
invariant Lagrangian for new model of massless rank-4 tensor field with spin (2, 1, 1) and 
second-stage reducible gauge symmetries. 
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1 Introduction 



Problems of higher-spin field theory attract a considerable attention for a long time. Interest to 
higher spin field theory is mainly stipulated by hope to construct the new types of Lagrangian 
models in classical field theory and may be to formulate on this ground the new approaches 
to the unification of the fundamental interactions. Higher-spin field theory is closely related to 
superstring theory, which operates with an infinite tower of bosonic and fermionic higher-spin 
fields. From this point of view the higher spin theory can be treated as an approach to study 
a structure of superstring theory from field theory side. The aspects of current state of higher 
spin field theory are discussed in the reviews pj. Some newest tendencies in higher spin field 
theory are discussed e.g. in P] [TB]. 

At present, the Lagrangian dynamics of massless and massive free totally symmetric higher- 
spin fields is well enough developed in Minkowski and AdS spaces [H] , [I5] , [I6] , [H] , [H] . It is 
known that in higher space-time dimensions, there appear, besides totally symmetric irreducible 
representations of Poincare or (A)dS algebras, the mixed-symmetry representations determined 
by more than one spin-like parameters [19], [20], [21] and the problem of their field-theoretic 
description is not so well-studied as for totally symmetric representations. Indeed, a simplest 
mixed-symmetry fields were considered in [22] , the problems of constrained (with imposing off- 
shell traceless and Young symmetry constraints on all the fields and gauge parameters) gauge- 
invariant description of mixed-symmetry fields on fiat space-time have been developed in [23] . 
The aspects of lagrangian formulations for general mixed-symmetry fields were discussed in [23] , 
the unconstrained Lagrangians with higher derivatives for such massless HS fields in "metric- 
like" formulation on fiat background were derived on a base of Bianchi identities resolution in 
|25j^ The details of Lagrangian description of mixed-symmetry HS tensors on fiat and (A)dS 
backgrounds in "frame- like" formulation were studied in [26]. The interesting approach of 
derivation the Labastida-like [19] constrained Lagrangians for arbitrary mixed-symmetric higher 
spin fields were recently studied on a basis of detour complexes from the BRST quantization 
of worldline diffeomorphism invariant systems in [27]. At present, the main result within 
the problem of Lagrangian construction for arbitrary massless mixed-symmetry HS field on 
a Minkowski space-time of any dimensions was obtained in |28| with use of unfolded form 
of equations of motion for the field in "frame-like" formulation. In turn, the corresponding 
results for the mixed-symmetry bosonic fields in "frame-like" formulation with off-shell traceless 
constraints in the case of (anti)-de-Sitter case are recently known for the Young tableaux with 
two rows |29j . 

The present work is devoted to the construction of general gauge-invariant Lagrangians for 
both massless and massive mixed-symmetry tensor fields of rank si+S2+---+Sk, with any integer 
numbers Si > S2 > ... > Sfe > 1 for k < [d/2] in a (i-dimensional Minkowski space, the fields 
being elements of Poincare-group ISO{l,d — 1) irreps with a Young tableaux having k rows. 
Our approach is based on the BFV-BRST construction [30j, which was initially developed for 
a Hamiltonian quantization of dynamical systems subject to first-class constraints and is called 
usually the BRST construction. The application of the BRST construction to free higher-spin 
field theory consists of three steps. First, the conditions that determine the representations 
with a given spin are regarded as a topological (i.e. without Hamiltonian) gauge system of 
first- and second-class operator constraints in an auxiliary Fock space. Second, the subsystem 

""^In this paper a Lagrangian formulation is constructed for massless fields corresponding to a reducible 
Poincare group representation with arbitrary index symmetry. Besides, it is suggested the Lagrangian formula- 
tion which uses the special projector's operators which are not constructed in explicit form, although for every 
concrete case of Poincare-irreducible HS fields they can be written down. The authors are grateful to D. Francia 
having drawn their attention on the exact formulation of the paper |25| results. 
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of the initial constraints, which contains only second-class constraints, is converted, with a 
preservation of the initial algebraic structure, into a system of first-class constraints alone in 
an enlarged Fock space (see |31] for the development of conversion methods), with respect 
to which one constructs the BRST charge. Third, the Lagrangian for a higher-spin field is 
constructed in terms of the BRST charge in such a way that the corresponding equations 
of motion reproduce the initial constraints. We emphasize that this approach automatically 
implies a gauge-invariant Lagrangian description with all appropriate auxiliary and Stuckelberg 
fields. The BRST approach to Lagrangian formulation of higher spin field theories has been 
developed for arbitrary massless and massive, bosonic and fermionic fields in Minkowski and 
AdS spaces in [32j-|41j. Inclusion of higher-spin field interactions requires a deformation of 
BRST charge, the corresponding consideration is discussed in [32]. 

The various aspects of the fiat dynamics of mixed-symmetry gauge fields has been examined 
in |33] for massless bosonic higher-spin fields with two rows of the Young tableaux [52] . 
and recently also for interacting bosonic higher spin fields [IS] , [36] , [3Z| and for those of lower 
spins [31], [39] on the basis of the BV cohomological deformation theory [50]. Lagrangian 
descriptions of massless mixed-symmetry fermionic higher-spin fields in Minkowski spaces have 
been suggested within a "frame-like" approach in jSJJ. To be complete, note that for free 
totally symmetric higher-spin fields of integer spins the BRST approach has been used to 
derive Lagrangians in the fiat space [33], [36] and in the (A)dS space [35]. The corresponding 
programme of a Lagrangian description of fermionic higher-spin fields has been realized in the 
fiat space [37] and in the (A)dS space [38] . 

The paper is organized as follows. In Section [2| we formulate a closed algebra of operators 
(using Howe duality), based on the constraints in an auxiliary Fock space that determines 
an massless irreducible representation of the Poincare group in M^'*^"^ with a generalized spin 
s = (si, Sfc). In Section [3| we construct an auxiliary representation for a rank-[|] symplectic 
sp{2k) subalgebra of an algebra of the initial constraints corresponding to the subsystem of 
second-class constraints in terms of new (additional) creation and annihilation operators in 
Fock spac^ As a result, we carry out a conversion of the initial system of first- and second-class 
constraints into a system of first-class constraints in the space being the tensor product of the 
initial and new Fock spaces. Next, we construct the standard BRST operator for the converted 
constraint algebra in Section |4} The construction of an action and of a sequence of reducible 
gauge transformations describing the propagation of a mixed-symmetry bosonic field of an 
arbitrary spin is realized in Section [5j We show that the Lagrangian description for a theory of 
a massive integer mixed-symmetry HS field in a d- dimensional Minkowski space is deduced by 
dimensional reduction of a massless HS field theory of the same type in a (ci + l)-dimensional 
fiat space. Then, we sketch a proof of the fact that the resulting action reproduces the correct 
conditions for a field that determine an irreducible representation of the Poincare group with a 
fixed s = (si, Sk) spin. In Section |6| we show, that general procedure contains, first, earlier 
known algorithm of Lagrangian construction for bosonic fields subject to Young tableaux with 
two rows, and, second, a new one for tensor fields with three rows in the corresponding Young 
tableaux. Here we construct the new unconstrained Lagrangian formulation for the fourth rank 
massless tensor field with spin (2, 1, 1) which has not been obtained before. In Conclusion, we 
summarize the results of this work and outline some open problems. Finally, in Appendix |A] 
we construct auxiliary representation for sp{2k) algebra. Appendix [B] is devoted to obtaining 
of a polynomial representation of the operator algebra given in Table[T]in terms of creation and 
annihilation operators. In Appendix [C] we prove that the constructed Lagrangian reproduces 

^Note that a similar construction for bosonic HS fields subject to Young tableaux with 2 rows in a flat space 
has been presented in for massless and in for massive case. 
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the correct conditions on the field defining the irreducible representation of the Poincare group 
and in Appendix D the expressions for the field and all gauge Fock space vectors are written in 
powers of ghost creation operators to be used for Lagrangian construction for the fourth rank 
tensor. 

As a rule we use the conventions of Refs. [321 [39], |52] . 



2 Derivation of Integer HS Symmetry Algebra on M 



iJ-i 



In this section, we consider a massless integer spin irreducible representation of Poincare 
group in a Minkowski space IR-'^''^"^ which is described by a tensor field $(^i)^^,(;x2)^_^^ (^k)^^ = 

of rank Y.i>iSi and generalized spin s = (si, Ss, s^), (si > > 
... > Sk > 0,k < [d/2]) to be corresponding to a Young tableaux with k rows of length 
si, S2, Sk, respectively 
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(2.1) 



This field is symmetric with respect to the permutations of each type of Lorentz indice^yU*, 
and obeys to the Klein-Gordon (2.2), divergentless (2.3), traceless (2.4) and mixed-symmetry 
equations (2.5) [for i,j = 1, 



l,...,Si] 



0, h < rrii 



' i^l^)s^,...,{{^^^)s 



, fj.{... ,ij}...tii^,...{tik)^^ 



0, i < j, 1 < Ij < s 
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(2.2) 

(2.3) 

(2.4) 
(2.5) 



where the bracket below denote that the indices in it do not include in symmetrization, i.e. the 
symmetrization concerns only indices (/i*)^., /x;^, in {{^i^)si , A^i--- W }■ 



In order to describe all the irreducible representations simultaneously, we introduce in an 
usual manner an auxiliary Fock space H, generated by k pairs of bosonic (symmetric basis) 
creation a^i(a;) and annihilation a^J'(a;) operators, i,j = 1, k, /i*, = 0, 1..., d — ij^ 

K^i <T] = -V^^^'^ ' = diag{l, 1, ... 1) 

and a set of constraints for an arbitrary string-like vector |$) G "H, 

Sk-l 



(2.6) 



OO Si 



k Si 



si=0 S2=0 Sfc=0 

/o|$) = 0, k = d^d, 



[X 



/J.1 



nno*i«>. 

i=l li=l 

)|$) = 0, i<j; ii < ji. 



(2.7) 

(2.8) 
(2.9) 



■^Throughout the paper, we use the mostly minus signature 77^1, — diag{+, —,...,—), /i, = 0, 1, d — 1. 
^there exists another reahzation of auxihary Fock space generated by the fermionic oscillators (antisymmetric 

m 



basis) o™m(a;), a^t{x) with anticommutation relations, {a™TO,a"^} = —rif^m^nS™", for m,n = l,...,si, and 
develop the procedure below following to the lines of Ref. [JOj for totally antisymmetric tensors for si = S2 = 

... = Sfc = 1. 
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The set of {k{k + 1) + 1) primary constraints (2.8), (2.9) with {0^} = \^lQ,r J^-^ , because 
of the property of translational invariance of the vacuum, 9^|0) = 0, are equivalent to Eqs. 
(2.2)-(2.5) for all spins. In turn, if we impose in addition to the Eqs. ( |2.8[ ), (2.9) the additional 
constraints with number particles operators, Qq, 

rf.,., . 1 

2 



[Si + 



9o 



(2.10) 



where the sign { , } is the anticommutator, then these combined conditions are equivalent to 



Eqs. (|g-(|2g for the field 



(x) with given spin s = (si, S2, Sk) 



We refer to the vector (2.7) as the basic vectoij^ 
The procedure of Lagrangian formulation implies the property of BFV-BRST operator Q, 
Q = C^Oa + more, to be Hermitian, that is equivalent to the requirements: {oq,}+ = {0^} 
and closedness for {oa} with respect to the commutator multiplication [ , ]. It is evident, that 
the set of {oa} violates above conditions. To provide them we consider in standard manner an 
scalar product on "H, 



(vl/|$) 



Pi 



Pk-i 



''"-EE' 

si=0 S2=0 



x<l> 



Sfc=0pi=0p2=0 

h, Si 

-)nn 

i=l li=l 



E(°inn 

Pk=0 



r ^* 



Pk 



-1 m,-=l 



|0). 



(2.11) 



1) 



(2.12) 



As the result, the set of {oq} extended by means of the operators, 

is Hermitian, with taken into account of self-conjugated operators, {Iq, Qq^) = (Zq, Qq)- It is 
rather simple exercise to see the second requirement is fulfilled as well if the number particles 
operators Qq will be included into set of all constraints oj having therefore the structure, 

{oj} = {o„o+; gi} = {o„o+; /q, l\ r+; g},}. (2.13) 

Together the set {o^, 0+} in the Eq. ( |2.13[ ), for {oJ = f'^^} and the one {oa} = {k, l\ 
may be considered from the Hamiltonian analysis of the dynamical systems as the operatorial 
respective 2k^ second-class and {2k + 1) first-class constraints subsystems among {07} for topo- 
logical gauge system (i.e. with zero Hamiltonian ) because of, 

[Oa, 0+] = Z^'feOc + ^abigi)), [oA, Ob] = JabOC, [Oa, Ob] = faBOC- (2.14) 

Here /^^, f^Bi faB antisymmetric with respect to permutations of lower indices constant 

quantities and quantities Aabig})) form the non-degenerate k'^xk'^ matrix || Aab|| in the Fock space 
"H on the surface S C "H: || Aa;,|||2 7^ 0, which is determined by the equations, (0^, /q, /*)|$) = 0. 
The set of oj contains the operators gQ are not being by the constraints in Ti. 
Explicitly, operators o/ satisfy to the Lie-algebra commutation relations, 

fijOK, fu = -fji^ 



[Ol, Oj] 



(2.15) 



where the structure constants ffj are used in the Eq.(2.14), included the constants 



lab 



fab^gl) = A|f^°'(5fQ) there and determined from the multiplication table 

^We may consider a set of all finite string-like vectors for finite upper limits for si which different choice 
of a spin s as the vector space of polynomials P^{a^) in degree a^^ . The Lorentz algebra on P^{a^) is 



realized by means of action on it the Lorentz transformations, M^^^ — X]i>i ' 
A^'^B'^^ = A^^B'^ — A^ B^^, therefore endowing P^{a^) by the structure of Lorentz-module. 



with a standard rule 
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Table 1: HS symmetry algebra A{Y{k),R^''^-'^). 



First note that, in the table [T| the operators t'^^''^ ,tf^j^ satisfy by the definition the properties 

(2.16) 



1, 32 > 12 
0, 32 < 12 



with Heaviside ^-symbo 



mined by the explicit relations 

pi2j2,i _ ^i2j2^^j2i _ ^i2'i'j 



Second, the products Bf^f^,A'^^^''^^\F'^^^>\U^^^>'^^^ are deter- 



^«2j2,«Ul 



- 1 



n 



pi}i20i2ji} _|_ fi2ji}+Qji}i2 



.^«2{«l j.jl}j2Qj2jl} j.j2jl} + Qjl}j2 



(2.18) 
(2.19) 

(2.20) 



They obeys the obvious additional properties of antisymmetry and Hermitian conjugation, 

/l«2i2,nii _ _ Ahji,i2j2 /1+ _ f 4. . . . \+ _ y-+ X. . _ X. . f9 91 1 

^ — ^ ^ilil,j2j2 ~ l^«ljl,«2j2y' ~ ''i2jl"j2n ''nj2"«2jl5 l^'^^^J 



«2i2,nji'\ + 



' «1J1,«2J2 



^«2j; 



2,2 



(^pi2j2,i^+ — f2j2+(^^j2 
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^2^^ 



(2.22) 



B'^'^Hj. = {gl' - g^)K^f. + {t^'O^'n + - + ^""'n^n")^^^ • (2-23) 

We call the algebra of these operators the integer higher-spin symmetry algebra in Minkowski 
space with a Young tableaux having k roti;,^ and denote it as AiY {k) . 

From the table [T] it is obvious that D'alambertian /q being by the Casimir element of the 
Poincare algebra iso{l,d — 1) belongs to the center of algebra A{Y{k),M}''^~^) as well. 

Now, we are in position to describe shortly the structure of the Lorentz-module P^{a~^) of 
all finite string- like vectors of the form given by the Eq. (2.7) (see footnote 4) on a base of 
Howe duality [M]- The Howe dual algebra to so(l, d — 1) is sp{2k) if = with the following 
basis elements [5l] for arbitrary z, j = 1, fc. 



li 



1 

2' 



(2.24) 



^there are no summation with respect to the indices 12, j2 in the Eqs. (2.161, the figm'e brackets for the indices 
ii, i2 in the quantity Al'^B^^l^a 5)^3^2} j^gan the symmetrization A^'^ B'^^^^''^^ = A'^ B'^"' O'^'^ + A^^ B'^'^ e'-'>'^ 
as well as these indices are raising and lowering by means of Euclidian metric tensors S^^ , 6ij , (5* 

^one should not identify the term " higher- spin symmetry algebra''' using here for free HS formulation starting 
from our paper [36 with the algebraic structure known as ^^higher-spin algebra''^ (see, for instance Ref.j6]) arising 
to describe the HS interactions 
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which is distinguished from the elements of A{Y{k),'R^''^ ^) by the sign "hat". Their non- 
vanishing commutator's relations have the form 

rf.il f.j2] _ f.j2dl_Sjld2 m2J2 /. . 1 _ A{*2r 12} 

I'^ii 1 ''«2 J ''n "12 "ill r 1 ''tini "{ii Jii ' 

[iij^j h2j2\ = ^'~ii{j2^i2}' [^i/^ 1^232^1^ _ ^piin^^} ^ (2.25) 



It is easy to see that the elements f^^^,tf^j^,gQ from HS symmetry algebra A{Y{k), 

are derived from the basis elements of sp{2k) by the rules, 



i^ = -hj, r^ = -r', ti^ = i^9^\ tv = ii^e'^, gi = -i/. (2.26) 



The rest elements {/*, Z*"*", Zq} of the algebra A{Y{k),'M}''^~^) forms the subalgebra which de- 
scribes the isometrics of Minkowski space R^''^~^ . It may be realized as direct sum of k- 
dimensional commutative algebra = {/j} and its dual T''* = 

{f , r+, /o} = {T'' © T^'* © [T^ T''*]), [^^ r^*] ~ lo, (2.27) 

so that integer HS symmetry algebra A{Y{k),'M}''^^^) represents the semidirect sum of the 
symplectic algebra sp{2k) [as an algebra of internal derivations of {T'' ©T'^*)] with {T^ ®T^* © 

A{Y{k),B}^'^-^) = [T^ © T^* © [T^ T^*]) $ sp{2k). (2.28) 

Note, the elements g^, form a basis in the Cartan subalgebra whereas l"^^ ,ti^ are the basis of 
low-triangular subalgebra in sp{2k). 

Having the identification (2.28) we may conclude, the integer spin finite-dimensional irre- 
ducible representations of the Lorentz algebra so{l,d — 1) subject to Young tableaux YT{k) 
realized on the tensor fields (2.1) are equivalently extracted by the annihilation of all elements 
from so(l, d — l)-module P^Ja^) by the low-triangular subalgebra of sp{2k) along with the 
weight conditions given by the Eqs. (2.10) with respect to its Cartan subalgebra which look as 
follows, 

r^|$) = 0, V» = 0, tV|<f ) = -9im = -{s, + fi 1$). (2.29) 

The integer spin finite-dimensional irreducible representations of the Poincare algebra iso{l, d — 
1) are easily obtain from ones for Lorentz algebra by adding the conditions from Abelian 
subalgebra and one for D'Alambertian, 

/i|<l>) = 0, /o|$) = 0. (2.30) 

lifting the set P^{a^) to Poincare-module (another realization for Poincare module from Lorentz 
module see in ref. [5]). 

Having constructed the HS symmetry algebra, we can not still construct BRST operator Q 
with respect to the elements o/ from ^(F (fc), M^'*^^^) because of a presence of the non-degenerate 
in the Fock space 1-L operators g^ determining following to the Eqs. (2.13) the system of o/ 
as one with second-class constraints system. Due to general property |30j of BFV- method 
a such BRST operator Q would not reproduce the right set of initial constraints (2.8), (2.9) 
in the zero ghost Q-cohomology subspace of total Hilbert space, l-Ltot ("H C l-Ltot)- To resolve 
the problem, we consider the procedure of conversion the set of o/ into one of 0/ which would 
be by first-class constraints only on the subspaces with except for extended number particles 
operators Gq. 



°The construction of algebra yl(F(fc),IR ' ) in the Eq. (2.28) is similar to the realization of the Poincare 
algebra iso(l, d — 1) by means of Lorentz algebra and Abelian subalgebra T(l, d — 1) of space-time translations 
which looks as follows, iso(l, d — 1) = r(l, d — 1)5 so(l, d — 1). 
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3 Deformed HS symmetry algebra for YT with k rows 



In this section, to solve the problem of conversion a set of oj operators we describe the method 
of auxiliary representation construction for the symplectic algebra sp{2k) with second-class 
constraints alone, in terms of new creation and annihilation operators from auxiliary Fock 
space over appropriate Heisenberg-Weyl algebra and extend the latter to the case of massive 
integer HS fields subject to the same Young tableaux Y{si, Sk). 



3.1 Note on an additive conversion for sp{2k) algebra 

We consider a standard variant of additive conversion procedure developed within BRST ap- 
proach, see for instance, |32], [39], [52] which implies the enlarging of o/ to 0/ = o/ + o'j, where 
additional parts o'j are given on a new Fock space "H' being independent on "H' in a sense that 
"H' n ^ = 0- III this case the elements 0/ are given on tensor product "H ® "H' so that the 
requirement for 0/ to be in involution, i.e. [O/, Oj] ~ Ok, leads to the series of algebraic 
relations, 

[o'l, Oj] = ffjo'K, [Oj, Oj] = ffjOK (3.1) 



with the same structure constants //^ as ones for the algebra determined by the Eqs.(2.15) for 
the original set of o/. 

Because of only sp{2k) generat ors a re the second-class constraints in A{Y{k),M}''^~^) to be 



converted then instead of all o'j in (3.1) it should be used only part of them, namely {o^,o'„ }. 
Therefore, one should to get new operator realization of sp{2k) algebra o'j. We will solve this 
problem by means of special procedure known in the mathematical literature as Verma module 
construction [53] for the latter algebra which results explicitly derived in the appendix lAl 



3.2 Oscillator realization of the additional parts to constraints 

Because of the algebra of the additional parts o^, o'^ is the same as one for original elements, i.e. 
given by the part of the table [l] which corresponds to the symplectic algebra sp{2k). One should 
be mentioned that in the case of the algebra of mixed-symmetry HS fields A{Y{2),'M}''^~^) the 
auxiliary representation of its converted subalgebra sp(4) (isomorphic to so(3,2) algebra used 
in [32]) of second-class constraints was considered in [32]. In the more general case of HS fields 
subject to Young tableaux with k > 2 rows we also use the prescription of the work [SH] to 
transform special representation for sp{2k) algebra (Verma module) in details derived in the 
Appendix |X] to the oscillator form to be suitable then for a BRST operator construction. As a 
result, we obtain (after some calculations presented in the most part in the Appendix |B]) , first 
for the number particles operators and for ones t'j^, l'^ , 

9o = J2^LbiUS'' + Sn + Y.'^rsdrs{S--6n + h\ (3.2) 

l<m r<s 
l-l k 

C = dlm-^dnld^rn-J2^^ + ^''^'>^^mbln, (3.3) 
n=l n=l 

I'S = b±. (3.4) 

In turn, for the elements I'l^, separately for / = m and for / < m which correspond to the 
primary constraints we get 

^ fe ^ I— I n—l k 

^Iz = 4 E bLbl+^J2[j2<'ndn'l+ Yl (1 + '^n'O&l'&n. (3.5) 
n=l,nj^l n=l n'=l n'=n+l 
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l-n-1 l-l l-l p 

p=0 fci=n+l kp=n+p j=l 



Ml 



k 



s>l 
l-l 



r<l 



Jin, 



n=l+l n'=l 
m—1 r n— 1 



n'=n+l 



^Im 



n'=l 



Ml 



Jin 



4 „=1 

m—n—l m—1 m—1 p 

p=0 A;i=n+1 fcp=n+p j=l 
\ k r m—1 fe -1 

-T E kmn - E C^n'n^^n'm - E (1 + ^n'm)&^/„&mn' 
^ n=m+l L n'=l n'=«+l ^ 

+ i (E + E + ^nm)btjnm " ^1 ^^^^'^ ~ E 

n=m n=l+l s>l 

+ E ^rldrl + Y dtmdrm + + k"") h. 
r<l r<m 
I l-l r n-1 

4:^1 

k 

E (1 + ^-'^^^n'nb^ 



(3.6) 



s>m 



Jim 



l-n-1 l-l l-l p 

-7 E I - E d:,,Jn'i + E E • • • E C'^'id+^d) n 4,_,* 

n'=l p=0 fci=n+l fcp=n+p jr=l 



Ik r l-l 

bnm — 7 E (1 + ^nm) d^^ — E d'^i^dn'l 



n=l+l 



n'=n+l 

At last, for the "mixed-symmetry" operators t'l^, we have, 

l-l m—l—l m—1 m—1 



n'=l 



/ < m. 



c = -E<^^-+ E E ••• E ^'^'"(^^,^)n^'^.-i^. 



(3.7) 



p=0 fci=/+l kp=l+p 
- ^(1 + 5nm)&^i&nm , /Cq = 



n=l 



n=l 



In the Eqs. (3.5)-(3.7) the operators C''"^{d,d'^) is determined, for / < m, by the rule, 

k m—1 

C^"^{d'^,d) = ^/l' — /i™ — ((i;~^(i;„ + (i^^(imn)+ d^^dnm — d^^dim^ dim (3.8) 

n=m+l 
fc m—1 

+ E {'^mn ~ d^,,^dn'm^dln. 



n=l+l 



n=m+l 



n'=l 



In the above expressions quantities h^,i = l,...,k are the arbitrary dimensionless constants 
whose values will be determined later in the Sec. 5] from a solution of a special spectral prob- 
lem. For constructing the additional parts (3.2)-(3.7) we have introduced new Fock space Ti' 
generated by bosonic, b^j,d':^g,bij,drs, i,j,r,s = l,...,k;i < j;r < s, creation and annihila- 
tion operators whose number is equal to ones of the second-class constraints o'^, with the 
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standard (only nonvanishing) commutation relations 

\^hjli^i2j-^ = Siii2^jij2 ! [drisi , C^rjsj] ~ Srir2^siS2 ; (3-9) 

Note that the additional parts o'^{B, B^), o'^{B, B^) as the polynomials in the oscillator vari- 
ables {B, B^) = {bij, drs', h'lp d^g) do not obey the usual properties 

{I'lmt ^ I'L I < (4)+ ^ C r < s. (3.10) 

if one should use the standard rules of Hermitian conjugation for the new creation and annihi- 
lation operators, 

ih,y = b±, (rf..)+ = rf+. (3.11) 

To restore the proper Hermitian conjugation properties for the additional parts, we change the 
scalar product in the Fock space H' as follows: 

($l|$2)new = ($l|i^'|$2), (3.12) 

for any vectors |$2) with some, yet unknown, operator K'. This operator is determined by 
the condition that all the operators of the algebra must have the proper Hermitian properties 
with respect to the new scalar product: 

($i|if'E-'"|<l>2) = ($2|i^'^'1$i)*, {^i\K'g'^\<!>2) = ($2|ir'^?;i$i)*, (3.13) 

for (£""; i?~'°) = {I'lmyKs'^^'im^'^'rs)- Thcse relations permit one to determine the operator K', 
Hermitian with respect to the usual scalar product ( | ), as follows: 

K' = Z^Z, Z= \^)y . (Oin^^^n^rr, (3.14) 

(ni™,Pr.)={0,0) ^ ' r,s>r l,m>l 

where {ni^)\ = Yllrn>i^irn^-^ {PrsV- = Ilt,s>rPrs- and a vector N)v is determined in the Ap- 
pendix |B] The detailed calculation of the operator K' is described there as well. 

Now, we turn to the case of the massive bosonic HS fields whose system of second-class 
constraints contains additionally to elements of sp{2k) algebra the constraints of isometry 
subalgebra of Minkowski space 

3.3 Auxiliary representations of the algebra for mas- 

sive HS fields 

To construct an analogous oscillator representations for the HS symmetry algebra of massive 



bosonic HS fields with mass m, where the wave equation given by (2.2) should be changed on 
Klein-Gordon equation corresponding to the constraint Iq (Zq = d'^d^j, + m?) acting on the same 



string- vector |$) (2.7) 



(9^9^ + m2)<|.(^.)^^,(,P)^^„..,(^.)^^ =0. (3.15) 



we may to consider the procedure described above in section 3.2 and in details realized in 
the Appendices |A| |B]for sp{2k) algebra (see final comments in the Appendix A.l for massive 
case). Instead, we have used the procedure of the dimensional reduction of the initial algebra 
A{Y{k),'R^''^) for massless HS fields in ((i-l-l)-dimensional fiat background to one with dimension 
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To do so let's write down the rules of the dimensional reduction from M^''^ flat space-time 



to 



M = 0,l,...,ci, 



/i = 0, ri 



MN 



diag{l, — 1, 



-1,-1), 



(3.16) 
(3.17) 



Doing so we obtain for the set of the original elements oi from the massless HS symmetry 
algebra A{Y{k),R^''^) the ones 0/ in massive HS symmetry algebra A{Y{k),M}''^ ^) as follows, 



hj 



tij 



O^'Om = lo + m^ 



-iafdM '■ 



h + mbi, 
1 



I 



9o 
It 



d+1 



9o + + 



—la 



Cm 



It, - Ibfbl, 
tt - b,bp^\ 



(3.18) 
(3.19) 
(3.20) 
(3.21) 



The generators {Iq,1^ Ji),lij,l^j,tij,tjj, Qq) satisfy the same algebraic relations as in the table |1 
for massless HS symmetry algebra with except for the commutators, 

[hJl]=6ij{!o-m^). (3.22) 



Relations (3.18), (3.22) indicate the presence of 2k additional second-class constraints, kj^, 
with corresponding oscillator operators bi,bl, [bi,b~j'] = 6ij, in comparison with the massless 
case. 

It is interesting to see the elements with tilde in the Eqs.(3.18)-(3.21) satisfy the algebraic 
relations for massless HS symmetry algebra A(Y (k) now without central charge (i.e. 
those quantities 5/ contains the same second-class constraints as o/ in massless case). Therefore, 
the converted constraints Oj, Oj = oj + o'j, in massive case are given by the relations, 

,/2 



Oi = 5j 



m + m 



0, 



(3.23) 



where additional parts o'j = o'j{bij,b]j,ti^j-^,tl^j_^) are determined by the relations (3.2)-(3.7). 

Thus, the auxiliary representation (Verma module) for sp{2k) algebra determines with use 
of the dimensional reduction procedure the oscillator realization for the additional parts of 
massive HS symmetry algebra A'{Y{k),'E}''^~^) completely. 

In the next section, we determine the algebra of the extended constraints and find the BRST 
operator corresponding to this algebra. 



4 BRST-BFV operator 



According to our method we should find the BRST-BFV operator. Since the algebra un- 
der consideration is a Lie algebra A{Y{k),M}''^~^) this operator can be constructed in the 
standard way due to prescription [30p| First, we introduce the set of the ghost fields = 



{r]Q,ri\rif ,7]^^ ,rif-,'i}rs,i^ts^VG) opposite Grassmann parity to the elements Oj = {Lq, 

T T T+ ~ 

-'-'11 ^iji ^iji 



T - 
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with the properties 



+ nsr 



(4.24) 



^Application of the BRST approach to HS field theory in AdS space leads to problem of constructing a 
BRST-BFV operator for non-linear (super) algebras, see e.g. [5Sl I57j . 



^°for the massless HS fields the elements Lq , Lf , Lj coinc i de wit h h 
Lo = lo, L+ = 1+ + I'+L, = k + I- account of the Eqs. (Eisl, Kl9\ 



7+ 7 



whereas for the massive case 
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and their conjugated ghost momenta Vi with the same properties as ones for in (4.24) with 
the only nonvanishing anticommutation relations 

{vim,vp = {v.,,vL} = SuS,m, {vo,Vo} = t, {vhn} = ^s''; (4.25) 

They also possess the standard ghost number distribution, gh{C^) = —ghiVi) = 1, providing 
the property gh{Q') = 1, and have the Hermitian conjugation properties of zero-mode pairs p] 

(^0,^7^, ^0,^^)+ = {r^o,vh,-'Po,'Vh). (4.26) 

The BRST operator for the algebra of Oj given by the table [T] can be found in an exact form, 
with the use of the (CP)-ordering of the ghost coordinate and momenta Vi operators, as 
follows: 

Q' = OjC' + ^C'C'ffjPK (4.27) 

Finally, we have 

Q' = Ir^oLo + vtL' + E vLL'"^ + E ^LT'"" + bhG^ + 1 vU^Po (4-28) 

l<m l<m 



i^l^j l<m l<n<m 

+ E - 5^ (1 + S,r.)^ty\V- + 5^ (1 + SmnW^V-'nV'-''' 

n<l<m n,l<m n,l<m 

l<m l<m 

+1 E v^mv''^''^ + ^ E (C - v'g) (^a'™ - ^,„A"-+) 

l<m,n<m l<m 

- E (1 + Sln.)v"'vL + E ^ImV^"^ + E KlV^'"']'P' 
l<m l<m m<l 

+\Y.'^G{rit'P' - mv'^) + h.c. 

The property of the BRST operator to be Hermitian is defined by the rule 

Q'+K = KQ' , (4.29) 

and is calculated with respect to the scalar product ( | ) in l-itot with the measure (i'^x, which, 
in its turn, is constructed as the direct product of the scalar products in T-L,T-L' and Tigh- The 
operator K in (4.29) is the tensor product of the operator K' in Ti' and the unit operators in 

K = i®K'®lgh. (4.30) 

Thus, we have constructed a Hermitian BRST operator for the entire algebra Ac{Y{k),M}''''~^) 
of O/. In the next section, this operator will be used to construct a Lagrangian action for 
bosonic HS fields of spin (si, Sk) in a flat space. 



"By means of the redefinition (Po,^g) ^ «(^o,^g)' the BRST operator (4.28) and relations (4.25) are 
written in the notation of [37] , [35] ■ 
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5 Construction of Lagrangian Actions 

The construction of Lagrangians for bosonic higher-spin fields in a d-dimensional Minkowski 
space can be developed by partially following the algorithm of [32], [39], which is a particular 
case of our construction , corr esponding to S3 = 0. As a first step, we extract the dependence of 
the BRST operator Q' (4.28) on the ghosts rj^yVQ, so as to obtain the BRST operator Q only 
for the system of converted first-class constraints {O/} \ {Col- 
Due to special character of the number particles operators Gq let's extract the terms pro- 
portional to the ghost variables viqiVq from BRST operator Q' (4.28), 



Q' = Q + vhi^' + h') + A'V'a (5.1) 
where the operator Q corresponding only to the converted first-class constraints determines as 

Q = IvoLo + vtL' + E VLL"^ + E ^LT'"^ + | V^Vo 

l<m l<m 



i<l<j 



l<n<m 



n<l<m 



n,Z<m n,l<m l<m,n<m 



- E (1 + ^iJv'^vL + E ^imv-""^ + E KiV^"']'P' + h.c. 



(5.2) 



Km 



l<m 



m<l 



The generalized spin operator a = ((T^,cr^, ...,0"'^), extended by the ghost Wick-pair variables, 
has the form 



+E[<^' 



EKtA^'-^"A+], 



l<i 



i<l 



commutes with operator Q 



0, 



whereas the operatorial quantities are uniquely defined from (4.28) as follows 



= E ^L^^'"(^™ - ^'') + ^ E(l + ^^^HmV'^^i^'' + S 
l<m Km 

We choose a representation of the Hilbert space given by the relations 

{Vi,Viv^rs,Vo,V,,Vij,Xrs,Vh)\0) = 0, |0) G Htot, 



(5.3) 



(5.4) 



(5.5) 



(5.6) 



and suppose that the field vectors \x) as well as the gauge parameters |A) do not depend on 
ghosts tiq for number particle operators Gq 



1^) = En(^^)"' n (bt^rndtsY-iv^r' 

n I Kj,i"<s 

X n ivtr-CPtr^'ivLr'-i-pir"" U (0"^-(a^.)"-" 

i,j,Km,n<o r<s,t<u 
-, + \i^fo(n)fi(n)pj{n)fim(n)p„oin)frsin)\tu\ 



X $(a. 



* ' {n)i{n)ij{p)ra 



(5.7) 
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The brackets (n) fi, {n)pj, {n)ij in definition of (5.7) means, for instance, for {n)ij the set of 



indices (nn, ...,nifc, ...,nfci, ...,72^^,). The sum above is taken over n;, riij, p^s and running from 
to infinity, and over the rest n's from to 1^^, Let us denote by \x^) the state (5.7) with the 



ghost number — fc, i.e. gh{\x^)) = —k. Thus, the physical state having the ghost number zero 
is \x^), the gauge parameters |A) having the ghost number —1 is \x^) and so on. Moreover for 
vanishing of all auxiliary creation operators 6^, d'^ and ghost variables rjo, rj^, , ... the vector 



\x^) must contain only physical string-like vector |$) 
so that 



Mat) 



(0) fo{0) fdO)pj(0) flm{0)pno{0) frs{0)xt^. 
{0)i(0)ii(0),, 



I/) 



(5. 



where the vector \^a) includes only the auxiliary fields as its components. One can show, 
using the part of equations of motion and gauge transformations, that the vector |$^) can be 
completely removed. The details are given in Appendix O 



Since the vectors (5.7) do not depend on tiq the equation for the physical state Q'\x^) = 
and the tower of the reducible gauge transformations, 6\x) = Q'\x^), S\x^) = Q'lx^), ■ ■ 
5\x^^~^^) = Q'\x^^'^)i Isad to a sequence of relations: 



Q\x) = o, 
s\x) = Q\x'), 
s\x')=Q\x'), 



{a' + h')\x) = 0, 
{a^ + h^)\x') = 0, 
{a^ + h^)\x') = 0, 



ie,gh)i\x)) = iO,0), 
{e,gh){\x')) = {l,-l), 
ie,gh){\x')) = i0,-2), 



(5.9) 
(5.10) 
(5.11) 



s\x'-') = Q\x'), 



{e,gh) dx')) = ismod2, 



(5.12) 



Where s = k{k + 1) — 1 is the stage of reducibility both for massless and for the massive bosonic 
HS field, because of the only non-vanishing vector (independent gauge parameter Ix'^*"'^^^'')) 
has lowest negative ghost number when all the anticommuting ghost momenta Vi compose 
|^fc(A:+i)^ without presence of the ghost coordinates in it. The middle set of equations in 
(5.9)-(5.12) determines the possible values of the parameters and the eigenvectors of the 



operators cr*. Solving these equations, we obtain a set of eigenvectors, |x°)(n)fe! \x^)in)ky 
|x'*)(n)fe5 ni > n2 > ■ ■ ■ rik > 0, and a set of eigenvalues. 



d-2-4i 



1, .., , 



ni, ...,nfc_i eZ,nk ENq, 



(5.13) 



for massless and 
-hi 



d-l-U 



(5.14) 



for massive HS fields. The values of Ui are related to the spin components Si of the field, because 
of the proper vector \x){si,...,Sk) corresponding to {hi, hk) has the leading term 

Iff,/ +\0/o(0)/i(0)pj(0)/;m{0)p„o(0)/Vs(0)Atii\ 

independent of the auxiliary and ghost operators, which corresponds to the field $ 



with the initial value of spin s = (si, Sk) in the decomposition (5.7) and representation (5.8). 
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for the massless basic HS field $ 



indices {n)i = (0)j 



there are no operators bT in the decomposition (5.7), i.e 
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Let us denote the eigenvectors of cTj corresponding to the eigenvalues (n* + 1^ ) as \x){n)k- 
Thus we may write 



d — 2 — Ai^ 



for massless HS fields and 



(n)fe 



d-l-Ai 



(5.15) 



(5.16) 



for massive ones. Then one can show that in order to construct Lagrangian for the field 



corresponding to a definite Young tableau (2.1) the numbers rii must be equal to the numbers 



of the boxes in the i-th row of the corresponding Young tableau, i.e. rii = Si. Thus the state 
contains the physical field (2.7) and all its auxiliary fields. Let us fix some values of 
rii = Si. Then one should substitute hi corresponding to the chosen Sj (5.13) or (5.14) into 



(4.28), (5.9)-(5.12). Thus, the equation of motion (5.9) corresponding to the field with given 



spin (si, Sk) has the form 



Q(n)JX°){n)t 



0. 



(5.17) 



Since the BRST-BFV operator Q' is nilpotent (4.28) at any values of hi we have a sequence 
of reducible gauge transformations 



^IX^)(n)fc = Q(n)JX^){n), 



(5.18) 



One can show that Q{n)k is nilpotent when acting on \x)in)k 



0. 



(5.19) 



(5.20) 



Thus we have obtained equation of motion (5.17) of arbitrary integer spin gauge theory subject 



to YT(si, Sk) with mixed symmetry in any space-time dimension and its tower of reducible 



gauge transformations (5.18)-(5.19) 



We next find a corresponding Lagrangian. Analogously to the bosonic one and two row 
cases [36], [32], [39] one can show that Lagrangian action for fixed spin {n)k = {s)k is defined 
up to an overall factor as follows 



(5.21) 



^{sh = / dVo {s),{X \Kis),Qis),\X ){s). 



where the standard scalar product for the creation and annihilation operators is assumed with 
measure d'^x over Minkowski space. The vector ^ind the operator -^'(s)^. in (5.21) are 



respectively the vector \x) (5.7) subject to spin distribution relations (5.15) for massless or 
(5.16) for massive HS tensor field $(^i)^^,...,(^fe)^^ (a;) with vanishing value of ghost number and 
operator K ( 4.30[ ) where the following substitution is done hi — )■ — (n^ + ^z^i:^±^M^^ with 



^-function 6{x), to be equal 1 for x > and vanishing in other case. The former choice 
corresponds to a theory of massive HS bosonic field whereas the latter choice (for 6{m) = 0) to 
a theory of massless HS bosonic field. 



One can prove that the Lagrangian action (5.21) indeed reproduces the basic conditions 



(2.2)-(2.5) for massless and (3.15), (2.3)-(2.5) for massive HS fields. Such a proof is a test 
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of correctness of the approach under consideration. The details of the proof are given in 
Appendix [Cl Relations (5.18), (5.19) and (5.21) are our final results. These results provide 



a complete solution of general problem of Lagrangian construction for arbitrary massless and 
massive higher spin bosonic fields with indices corresponding to arbitrary Young tableaux. 
General action (5.21) gives, in principle, a straight recept to obtain the Lagrangian for any 
component field from general vector |x°)(s)fe since the only what we should do, if to use quantum 
mechanical terminology, is computations of vacuum expectation values of products of some 
number of creation and annihilation operators. 

Indeed, the general expressions (5.18), (5.19), (5.21) for Lagrangian formulation can be pre- 
sented in the component form without presence of operatorial variables for any concrete initial 



tensor field $^ 



analogously to the particular examples considered for totally- 



symmetric (for k = 1) massless [32] and massive [32], for mixed-symmetry (for k = 2) massless 
[52] and massive [SH] bosonic HS fields on an arbitrary flat background. To obtain the result, we 
have to derive component Lagrangian formulation for a given HS tensor field with k > 2 rows 
in the corresponding Young tableaux in terms of only initial and auxiliary tensor fields having 
a decomposition (5.7) by means of a standard calculation of the scalar products with accurate 
treatment of the action of all ghost, creation (initial a*"*", auxiliary bf,bf,,d^g) and annihilation 



operators composing the vectors 



|x^^^^^-')(s)fe and operators 



Q(s)k in the Eqs.(5.18), (5.19), (5.21). This analysis shows that there exists a possibility to 
obtain the component Lagrangians from the general action (5.21). However, it is worth em- 
phasizing that such component Lagrangians will look complicate enough and cumbersome and 
we do not see necessity to write down it here since all general property can be studied and 
understood on the base of action (5.21). 

Construction of the Lagrangians describing propagation of all massless or of all massive 
bosonic fields in fiat space simultaneously is analogous to that for the totally-symmetric case 
[36^ and we do not consider it here. 

In what follows, we consider some examples of the Lagrangian formulation procedure. 



6 Examples 

Here, we shall realize the general prescriptions of our Lagrangian formulation in the case of 
mixed-symmetry bosonic fields of lowest value of rows and spins. 

6.1 Spin-(si,S2) mixed- symmetric field 

Let us consider the mixed-symmetric field with two families of indices corresponding to spin- 
(si,S2). In this case we expect that our result will be reduced to that considered for massless 
case in [32] and for massive in [39], where respectively the mixed-symmetric massless and 
massive bosonic fields subject to Y{si,S2) were considered. According to our procedure we 
have (ni, 77-2) = (si, S2), Ui = 0, for i = 3, . . . ,k. One can show that if given = then in 
( 2.7[ ) and ( |5.7 ) all the components related with the rows i > 3 in the Young tableaux must be 



vanish, i.e. 



ni = riij = = Pis = P2t = rifi = Upj = Ufij = nf2m = npij = np2o 

= nfis = nf2t = nxis = nx2t = ns^=Q, for I, j,m,s,t,i,o > 2. (6.1) 
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Thus the state vector is reduced to 

2 2 2 

n I i<j i,j,l^'>n,n<o 

, + ^"/0(")/i(")pj(")/;m(")pnon/i2riA12\ 
)ijPl2 



|$(a+ 



(6.2) 



oo Pi 



Pi 



,+ ^+^"/o■••"A 



pi=0p2=0 ii=l 



n-i'"n«r^|0) (6.3) 

il=l /2 = 1 

which corresponds to that in [39J and for {n)i = (0)/ to ^32j. The operator C''"^{d'^,d) in (3.8) 
now has the only non- vanishing value for C^^((i+, d), 

C^\d+,d) = {h^ ~ - d+^du)di2, (6.4) 

so that the expression for sp{A) algebra auxiliary representation may be easily derived from 
the Eqs.(3.2)-(3.7). Then one can easily show that equations (5.17), (5.18), (5.19), (5.21) with 
\x) as in (6.2), (6.3) reproduce the same relations as those in [32j for massless and in |3D] for 
massive case. 



P2 



6.2 Spin-(si, S2, S3) general mixed- symnmetric field 

Now we consider a new yet unknown Lagrangian formulation for mixed-symmetric HS field 
^(/ii)si,(At2)s2'(/^^)s3 ^i^h three group of symmetric indices subject to Y{si, S2, S3). The values of 
spin (si, S2, S3), for Si > S2 > S3, can be composed from the set of coefficients {ni,nij,prs,nfo,nfi, 
npj,nfim,npno, nfrs,nxtu,Pi), for l,i,j,r,s,l,m,n,o,t,u = 1,2,3, i < j,r < s,l < m,n < o,t < 



u, in (5.7) and (2.7 
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to be restricted for all the vectors |x )(s)3) ^ = 0, . . . , 12 in view of the 
ution (5.15), ( |5.16[ ) by the formulae 



spectral problem so 

Si = Pi + Q{m)ni + ^{l + 6ij){nij +nfij +npij) +nfi + 



n. 



pi 



+ ^{Pri + nfri + nxri) " ^(Pir + '^/ir + 



1,2,3. 



(6.5) 



In addition to the restrictions (6.5 ), being valid for general case of HS field subject to Y{si, . . . , Sk) 
as well, the subset of "ghost" numbers {nfo,nfi, npj,nfim,npno, nfrs,nxtu)^^ (5.7) and (2.7) for 
fixed values of Si, satisfies the following equations for |xO(s)3) ^ = 0, . . . , k{k + 1) = 12, 



)(s)3 ■ nfo + ^{nfi-npi) +^[nfij -Upij) +'^[nfrs-nxrs) = -I, (6.6) 



i<j 



r<s 



which follows from ghost number distributions ( |5.9[ )-(5.12 ). Above (k + l[k{k + 1)]) relations 
(6.5), (6.6) (for given example equal to (3 + 12)) express the fact of the general homogeneity 
of the vectors |x')(s)3 with respect to spin and ghost number distributions. 

The corresponding BRST operator Q in (5.2) for 25 constraints (Lq, Li, Lij, Trs, Lf, Lfj, T+) 
has the form, 

Q = + vtL' + E VLL'"^ + E ^LT'"^ + 1 E vtv'Vo - ^Wt2>^'^ - ^1,^2) (6.7) 



Km 



l<in 



■In 



n,l<m n,l<m 

+1 E r^Lv'^iX'"' - E (1 + Sim)v"'^L + E ^in.v^'^ + E ^iiv^'^]P + h.c. 

l<m,n<m l<m l<m m<l 
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we change the indices Si given in (2.7) for the vector in initial Fock space Ti, on pi because of the usage of 
Si for the value of generalized spin of the basic HS field *^'(/ji)3j^,(/j=')32,(/j3)a3 
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and is nilpotent after substitution hi — —{pi + ^z^z^+^M)^ for i = 1, 2, 3 , in it, when restricted 
on to Hilbert subspace in Titot to be formed by the vectors |x')(s)3 (5-9) to be proper for the 
spin operator (a^, o"^, cr^) (5.3). 

The exphcit form of the additional parts to the constraints o'^ is determined by the relations 



(3.2)-(3.7), but for A; = 3 rows in YT, so that, the operators for /, m = 1, 2, 3; Z < m in 
(33) and C^'^{d+,d),C^'\d+,d),C^^{d+,d) in are written as follows. 



''12 


= dt. 


^-^3 

- V , (1 + '5ln)&„2&ln , 


(6.8) 


''13 


= di. 


o 

~Y1 1 + ^ln)fe^3feln , 


(6.9) 


''23 


- d+ 

~ "23 


- rfi2rf+3 - V (1 + 6n2)bt3b2n , 
'n=l 


(6.10) 


C^\d+,d) 
C'^{d+,d) 


- (A' 

- (A' 

- 


— h'^ — di2dl2 — di^di3 — ^^3(^23) 0^12 + {c^23 ~ C?13'^12}'^13; 

— — d^^dis + (i^3(i23)c^i3) 

— /l^ - rf^3(i23)c^23- 


(6.11) 
(6.12) 
(6.13) 



It permit to present, first, the expressions for the elements, I'n as. 



ni 



■-22 



1 3 

n=2 



6+„6i„ - 2d+ + 26+3613 



"ll'^12 "33^23 



bm + (J2 ^inbm - ^12^^12 - dt^drs + /i^j^n, (6.14) 

(6.15) 



n=l 



26+622 + &^3&23-Cl'(rf+,rf) 

1 



+ (622622 + 6^3623 - rf^3C?23 + '^12'^12 + 622 



612 

'^23 ~ 'J^13'^12 



-'23, 



''33 



"11^13 ^ "22"23 



^+^13 + 262+3633 -C23(t/+,rf) 



^23 



(6.16) 



+- 



6+623 + 26+3633 - Ci3(d+, d) - C'''%d+, d)du 



^13 



+ (6^3633 + ^^^3^13 + 43^23 + h^) 633, 



second for I'l^, for / < m. 



n2 



43 



1 ^ 

4 (Zl i^^nbln + (1 + 5n2)6i^62„] " C?+3C^13 " 43^^23 + + h^)b 
n=2 

1 3 

-- rf) _ + 5^2)6+ 6,2] 6ii - J [2dt,b22 + dtM 

n=l 
3 

4 - 43^^12 - + Sn2)b^3b2 

n=2 

4 (^^3^13 + 5^(1 + <5n3)6+36„3 - 42^^12 + 43^^23 + + Z^^) ^13 



(6.17) 



(6.18) 



n=2 



1 ^ 1 
+ i [5^(1 + '^"3)6^n6n3 + 42^^13 ' C^%d+ , rf)] 612 - " [4623 + 243633 



n=2 
3 



+ 9 + '^"3)6^A3 - C^3(rf+, rf) - C23(rf+^ d)d,2 



^11, 



n=l 
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'■23 



^(1 + 6n3)btbn3 " C'\d+ , d) - C'\d+ , d)d,2 



n=l 



'12 



(6.19) 



+ 9 + ^nz)htnbnZ + dt^d^^ - C^%d+ , d) 



J22 



n=2 



Cl^(rf+,d)-^(l + M&^n&2n 



&13 - 



1 r 



'^23 ^ df^di2 



J33, 



n=2 



and, third, for 



4 = C^\d+,d)-Y,' (1 + M&+6, 

'n=l 



n2 
3 



13 



23 



C^\d+, d) + d)c/i2 -Y (1 + <5„3)&+i&^ 

-C/+ rfl3 + - fl + 5„3)&+2&^ 

' 'n=l 



(6.20) 
(6.21) 
(6.22) 



Relations (6.8)-(6.22) together with Eqs. (3.2), ( |3.4[ ) for the value of = 3 compose the scalar 
oscillator realization of sp(6) algebra over Heisenberg-Weyl algebra A<^ with 18 independent 
operators 6^, (i+ , (i^s, for i < j,r < m. 



At last, the Lagrangian equations of motion (5.17), set of reducible Abelian gauge trans- 
formations (5.18)-(5.19) and proper unconstrained action S(^s)3 (5.21) have the final respective 



form for the HS field of spin (si, S2, S3), 

Q{sh\x^)is)3 = 0; 



^Ix )(.)3 = Q{s)s\x )(s) 



s\x^){sh = Q{sh\x^){s)3 



s\x'') 



(*)3 



0; 



^is)3= I C?'70 (s)3(X°l^(s)3Q(s)3lX°)W3 



(6.23) 
(6.24) 

(6.25) 
(6.26) 



where operator -^'(5)3 is determined by the relations (3.14), (4.30), (B.ll) for k = 3. The 



corresponding Lagrangian formulation is at most 11-th stage reducible gauge theory for free 
arbitrary HS bosonic field subject to Y{si, S2, ss) Young tableaux on Minkowski M^'*^"^ space. 



We will use obtained Lagrangian formulation (6.23)-(6.26) to find the component Lagrangian 



formulation for the field ^^u,p,a with spin s = (2, 1, 1). 

6.3 Spin-(2, 1, 1) mixed- symmetric massless field 

Here, we apply the general prescriptions of our Lagrangian formulation for rank-4 tensor field. 



fiu,p,a-i 



to be symmetric in indices /i, u, i.e. $ 



^un,p,a, starting from the analysis of tower 



of gauge transformations on a base of cohomological resolution complex. 

6.3.1 Reducible gauge transformations for the gauge parameters 

In the case of spin-(2, 1, 1) field, we have {h\ h'^, h^) = ({1 - |}, {4 - |}, {6 - |}). Therefore 



due to analysis of the system of three spin (6.5) and one l\6.6^ ghost number equations on all 
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the indices of powers in the decomposition (5.7) and (2.7) for the field |x°)(s)3 and each of the 

1, . . . , 12, the gauge theory is the L = 4th 



and 



gauge parameters \x ){s)3, {3)3 = (2,1,1 
stage of reducibihty (L = 5 < L3 = 11). 

The first lowest and, therefore, independent gauge parameter \x^) 
one component scalar field 

Ix0{s)35 ^ = 0, . . . , 5 are derived from the general Eq. 



for the vectors |x ){s)3, ^ = 0, 
gauge parameter of the fourth level 



(s)3 is determnined only 
see Appendix |d| where all the explicit expressions 

^ For the reducible 

given by the Eqs. 



from the equation in (5.19) or equivalently in (6.24), (6.25), 6\x ) 



Q{sh\x ){sh^ the gauge 

transformations for the components of fourth level gauge parameter, with omitting coordinates 



(D.2)71D.3)-(D.5) we have 



X, (x G 



in arguments, has the form for component functions. 



= 


64 = -4, 


64 = 4, 


(6.27) 


t = -0^ 


64 = 24, 


64i = 0, 


(6.28) 


t = -64 = 4, 


^4\,.u = 2^f^-^4, 


s4i, = 0, 


(6.29) 


lOlM = -^^^'0^ 


^4\f. = ^df,4, 


541 = ^0% = 0- 


(6.30) 



To derive Eqs.(6.27)-(6.30), we have taken into account the definition of BRST operator ( |6.7 ) 
and structure of the additional parts for constraints (6.8)-(6.22). 



Then, we impose the gauge conditions (C.9) for the first lowest dependent gauge parameter 



\x ){s)3- As the solution of the equation, ^n'^iilx )(s)3 = 0, obtained from general consideration, 
we have the vector |Xg)(s)3 with vanishing function 0|, so that the theory become by the third 
stage reducible gauge theory, with vanishing 4 ^^^^ the rest independent component functions 
in |Xg){s)3 which has the form of the Eq.(D.2) but with c/)^ = 0. 

In turn, the general gauge conditions (H" 
parameter 



\x^)(s)3 given by the Eq. 



) applied to the second lowest dependent gauge 



(D.6) and Eqs.(D.7)-(D.15), has the form 



^ii^nlx')(s)3 =0, 



bi2Vt,Vt2\x')is)3 



0, 



^05' 



^11' 



k'3 



^28|At' 



(6.31) 

for p = 



and lead to vanishing of the component functions, 
7, 10,11,13,45, 6 = 28,29,36. 

To find the degree of freedom of which component functions in the independent reduced 
vector \Xg){s)3 correspond to the vanishing of the above third level components 4-- we should 
to consider the explicit form of the gauge transformations for the components in |x^)(s)3- They 
are given by the Eqs. (6.24), (6.25), namely, ^|x^){s)3 = Q(s)3\Xg)(s)3- We do not make here 
corresponding sequence of the component relations which follows from the above relation, but 
the restrictions on above 4- gauge parameters are due to used degrees of freedom from the 
related respectively to the components 4^ 4\ii^ 4\n^ ^ ~ 2,1,3,6,11,0,4, 

In addition, to the conditions 
^1^^ by means of the rest fourth level 



vector Ixg) 



t = 8,10,9,7 which we must set to in (D.2) for 



\xt){sh- 
3 



(6.31 ) we may to gauge away the third level components 
parameter 4\fj.L' that all the degrees of freedom from the vector \Xg){s)3 are completelu used. 
As the result, the theory becomes by the second-stage reducible theory. The only component 
fields from the reduced third level vector in Tit 
away 4if,u, 4p, 4o5. 4bif,, 0n,02%, rssi/.' 

Then, for the reducible gauge parameter of the second level |x^)(s)3 given by the Eqs.(x-2), 



tot iXg)(s)3 ( D-6[ ) survive with except for gauged 



A3 ^3 ^3 ^3 ^/3 ^/3 ^//3 ^ for p = 7, 10, 11, 13, 45, b = 28, 29, 36 



General gauge- fixing procedure described in the Appendix [c] must be adapted because of as it is mentioned 
in the Appendix [P] our example of the field <I>^!y,p,(j has not the form of general mixed-symmetric field considered 
in the AppendixlCl which should be at least characterized by Young tableaux Y{7, 7, 7) for A; = 3 rows 
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(D.17)-(D.25) we impose the general gauge conditions (C.ll) having for our case the form, 



6 



(^)3 



0. 



(6.32) 



Eqs. (6.32) lead to vanishing of the component functions, 

,„,2 ^(™T2 , (*;)2 ,2 ,,2 ,2 „ _ 1 

1, 16, 47, 100, b = 46, 50, 52, 55, 66, 67, 68, 75, c = 46, 52, 55, 67, d 



7, 16,47,51,53,56,69, 
46,55, e 



>f , 0^1,, 03,, 

92,95 - 100, r = 
= 99, 100. In turn. 



the 770-dependent terms in |Xo)(s)3 have the same structure as ones in |x^)(s)3 (D-6) and therefore 
the same components as in |x^)(s)3 should vanish in |Xo)(s) 



i.e. of the 



028|m for ^ = 45, w = 28, 29, 36 and of 02^,^^. 

The last restrictions are in one-to-one correspondence (due to homogeneity in rjo the BRST 
with the used degrees of freedom from the vector |xo){s)3 related to the 
for s = 2, 1, 3, 4, 6, 11, t = 7, 8, 9, 10, 4>'o7\ii ^^id of (pl^^^^ which we must 



set to in ^7o|Xo)(s)3 (D.6) so that r^o-dependent terms have used totally. 



To make this conclusion we must obtain the explicit form of the gauge transformations 



for the component parameters in \x /(s)^- They are generated by the standard Eqs. (6.24) 



(6.25), namely, 6\x ){s)3 = Q(s)3lXg)(s)3- We do not write below corresponding sequence of 
the component relations (vanishing gauge transformations for \x'^){s)3), which forms due to the 



gauge (6.32) a system of not only the algebraic linear more than one hundred equations in all 
components (reminding the case of "unfolded" Vasiliev equations). Its solution is found by the 
Gauss-like procedure so that all the degrees of freedom from the vector |x^)(s)3 with except for 
the vectors 0i|^,</'8|^ and scalar 0g should be used to gauge away the above components from 
etao-independent part of |x^)(s)3- 

Then, from the residual gauge transformations for the second level parameters in the vectors 
l</'9)(iA0), I0?o)o3 we find 



9|m 



(6.33) 



and therefore, the components 0g|^, should gauged away by means of respective third level 
parameters <t'\\^,4'\- 

As the result, the final gauge transformations with non- vanishing third level gauge parameter 
have the form 



-idy 
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16|/X,!/ 



(6.34) 
(6.35) 



All the rest components in the gauge fixed vector |Xg)(s)3 (obtained from |x^)(s)3 (D-16) in 
the result of the gauge procedure resolution above) do not contain totally or partially the 
components from the vectors |(/)^. )(...) inl-i^l-L' whose components were gauged away. 

Next, for the reducible gauge parameter of the first level |x^){s)3 given by the Eqs. (D. 26), 

3 and / 



(D.27)-(D.30) the general gauge conditions (C.14), for k 



11 having now the form. 



A 6 6 

{bnV+, 6i2n^i' b^,l[V+, b22l[V^V+)\x')is), = 0. 



(6.36) 



"'^^we have used in the Eqs. (6.351 and will use later both for symmetrization and antisymmetrization of 
Lorentz indices the conventions, A^^^^y = A^^^ + A^,^^, = A^^^ - A^,^^, i.e. ^^^^ = + 
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lead to vanishing of the component functions, 0^, 0f , (p'^'^, ^'/gs, Cj, 

'/'Sii' '^It-'^llf '^ei,., C^' '^a.- fo^P = 13-15, 21,49, 55, 59, 60, 62, 69, 70, 

89, 91, 95, 96, 105, 136, 139, 146, 147, 150, 153, 154, 156, 159 - 163; r = 15, 49, 55, 69, 70, 95, 136, 
150, 154, 159, 162, 163; t = 55, 69, 154, 163; 6= 1, 54, 66 - 68, 74, 75, 94, 99, 100, 155, 157, 158; 
c = 1,68,74,75,100,157; d = 1, 75; e = 154,161 - 163; / = 154,162,163; h = 154,163; 
g = 154,162,163. 

In turn, the same components from the r^Q-dependent part of \x^){s)3, i-e. in \Xo)(s)3 should 
be gauged away as ones in the vector |x^)(s)3- Therefore the only vector 0oi|/i vector 
|0oi)(i,o,o) of ^70- dependent components from |x^)(s)3 survives. 

Not presenting here explicitly a whole system of linear equations on the components (which 
should be vanished) of |x^) (s)3 to be easily derived from the standard gauge transformations 



given by the Eqs. (6.24), (6.25), namely, (5|x^)(s)3 = Q{s)3\x1){s)3, we list the results of its 
Lorentz-covariant resolution. 

First, the corresponding gauge transformations for ?7o-dependent parameters in |xo)(s)3 has 
the same form as ones for |Xg){s)3 with only opposite sign " — " due to anticommuting tiq- 
multiplier and with addition of the terms proportional to d'Alamberian 

^00%,!^ = ^^1^0011/. + Hm6\^,,u = -^^r-0oi|A. + n^iei^,^., (6.37) 

Second, from the resolution of this system it follows the relations 

(pUf^u = -\<Pm^.,u} and = -0161^,^. (6.38) 

Third, all the component second level parameters from the vector |Xg)(s)3 must be used (as the 
solution of this system) to gauge away above components from |x^)(s)3 except for the rest gauge 
parameters of the second level 02^,^, 02^,^, ^j^, 02^,^, ^fg,^, 0^^, 0?^, ^j^^^, 4>Iq, ^^g,^, (t)%^^, 4>%^^, 
054|M' 0?o|M' 0?O2|M and gauge dependent ^^^^^^^^ 02^^^^ 02_ 



However, we have the residual gauge transformations on the not gauge-fixed (due to (6.36)) 



^8 = -014, ^08^ = 012 + 014, 

^nlM = ^^''0?6|t.,M - ^^M02 - 0?8|M' '^0'l7|M = <^18|/.' 



'>\&\i. = 0O1|a. + ^'9>i6|m,i' - 018|m' ^071/. = -0O1|m + ^'9''01|L ~ <^102|/.' 

a _ ^2 , -o ,2 , ry-r^ui2 XJ,1 _ a2 a2 



components in |x^)(s)3 to be obtained from the same general relation, 5|x^)(s)3 = Q{s)a\xl)(s)3, 

^020 = ¥1,1,," - ¥'2 - 0?5, ^0}2 = 0?5 - 012, (6.39) 

(6.40) 
(6.41) 
(6.42) 
(6.43) 
(6.44) 
(6.45) 
(6.46) 
(6.47) 
(6.48) 
(6.49) 
(6.50) 

Now, we may remove the fields 0^, ^'i, 0^2, 0^9, 0'iV|/., 02|/. - 0%' ^nd 0'^,^ for 

^18|ai' 013|/i' 013|m' ^11|m' 048|At' 048|/i' 01O2|/i 



^2], = -0111m + '^^si., ^021. = ^^^0i|' . + ^^.02 - 0131., 
= -01%, '^02|i = 0?i|/. + 0'i%, 

^72|m = ^^M0?5 + 0491a. ~ <^48|M + |013|m' = ' 048|m + 0l%' 

^71|m = -04%, '^07% = -049|/i - 04% + ^01%' 
1 J,2 , i2 rj/1 J 2 I i/2 



^48|/i, 



^52|/i — 054|/i + 048|At, '^052|/i " — 054|. + 

^971/. = -0701/. + 048|M - <^13|M' '^'^97|m = '^70|m + 0l% - 0'l%' 

^73|m = 01O2|/i + 20491/x- 

/e may remove the fie 

m = 72, 52, 97 by means of 0^ , n = 14, 12, 15, 19, 0^ 02 0'2 02 ^2 ^/2 ^2 ^^^^ 



for / = 49, 54, 70. 
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For the surviving in (6.39)-(6.50) components from the vectors |0^)(s)3, for d = 2, 11, 17, 20, 
76, 77, we have the gauge transformations 



^77 



^71. = -0011. + ^5>l£,., 
^20 = I*^16|m,^ ~ i*i^25 

= I'/'iS,'^ + ¥1 



(6.51) 

(6.52) 
(6.53) 
(6.54) 



'71/. 



and 



From the relations (6.51), (6.53) we may gauge away the first level parameters 
expressing the rest free second level parameters 02 5 0oi|At terms of independent tensor 
as, 

(6.55) 



I///2 M 



Summarizing, the final gauge transformations for the first level gauge parameters reads as 
follows, 



l|/t,!/,p 



^ a J, '"2 I ^ o, i ///2 



^0^71. 



(6.56) 

(6.57) 
(6.58) 



and for r^o-dependent terms from (6.37) due to Eqs. (6.38), (6.55) as 



dud'<P'i\;,p + □'/'IIP,., 



////2 



(6.59) 
(6.60) 



Note, the only 2-rank tensor ^ij^j, left in the second level vector \Xg)(s)3, and, the structure of 



first level vector \x^){s)3 (D.26) is simplified to the reduced vector |Xg)(s)3 having the contents 
as in (D.26) but without the componets which have been gauged due to general gauge (6.36) 
and after resolution of the equations ( 6.39 )-( 6.54). 

Let us turn to the gauge transformation for the fields. 



6.3.2 Gauge transformations for the fields 



For the dependent field vector |x){s)3 the conditions (6.5), (6.6) allow one, first, to extract the 
dependence on the ghost variables as it was given in the Appendix 6.3 by the Eqs.(D.31 ), whose 



componets are determined by the relations (D.7)-(D.15), (D.17)-(D.25), (D.27)-(D.30) but for 



zeroth level vector and by the Eqs.(D.32)-(D.34). The general gauge conditions (C.21) applied 
for = 3 and / = 11 have the form for \x){s)3, 

2 3 3 3 

{buV+, bul[V^„ hsUvt,, h,,\{vt{Pt,, &23n^i^2'2^2'3,)lx)(s)3=0, (6.61) 



Eqs. (6.61) lead, first, to vanishing of all the component functions, from the vector |\l')2,i,i 

to 



(D.32) with except for initial tensor ^fj,u,p,a- Second, it leads to vanishing of the fields con- 
taining auxiliary oscilators hf^d'^^ in the vectors 



>12 



)..., for 
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n = 14, 16,18,20, 22,49,50, 53,59,61,63, 66-68,70,71,73, 74, 76-80,82-84, 92,96,98,101- 
103, 105, 145, 154, 159, 162 — 170, 178 — 189. As we have already discussed above the pecuharities 
of the gauge- fixing of r^o-dependent part of IxDis)^, the same components from |xo){s)3 should 
be gauged away as ones in the ?7o-independent part of the vector |x^)(s)3- 

Following to the procedure developing in the previous subsection we will not write down 
explicitly the whole system of linear equations on the components (which should be vanished) 
from |x)(s)3 to be easily derived from the standard gauge transformations given by the first 
relations in the Eqs. (6.24), i.e. by 5|x)(s)3 = Q(s)3lXg)(s)3- Let us only demonstrate the results 
of its Lorentz-covariant resolution. 

First, the only tensors ^ii^J,,,,^, 0o2|m' '^075|/..,p' '^oioo|a..,p' '^oi7|m' '^076|m ^O" dependent 

components from \x){s)3 survives. Their gauge transformations have the analogous form as 
ones for |Xg)(s)3 with only opposite sign " — " due to anticommuting of ?7o-multiplier and adding 
of the terms proportional to d' Alamberian " □" , 

-id, 



01\ti,u,p 



///I 

01\p,p 

Ol\u,p 
i 



^l\p,u,p^ 



■'fj.'roilu. 
i 
2 



d{.€ip},p - ^d, 



2 -P'f^01\{p,u} + ^'i^75\pu,p^ 



///I _i_ 

1 



KoO\pu,p^ 



m\v,p 



AtV01|i/, 



^761/.- 



Besides, the relations like (6.38), (6.55) hold 

1 
2 



^016|{p,i/} 



and 



///I 



and 



^02 



,///! p 

'oi|m, • 



(6.62) 
(6.63) 

(6.64) 

(6.65) 
(6.66) 
(6.67) 

(6.68) 



Second, the resolution of the system implies the expression of the tensors <^\^\pv p-, '^\m\pv pi 

in terms of one first level tensor components ^^x\^p ^ as follows. 



^m\p,v and vectors 



l|!/,p, 



'\m\pv,pi 
■ ^\l\pi 



= 



^0) and 



(vi)l 
l\p,u,p 



h"'\ 



^75|p.,p, (6.69) 
(6.70) 



where the sign in 



'^'"t^ p u) nisans the absence of symmetry with respect to index p and the 



second relation in (6.69) implies that tensor (t>^i\^\ p is by the antisymmetric in the last indices. 

Third, all the component first level parameters from the vector \x]))is)o, should be used (as 
the solution of this system) to gauge away following from the gauge (6.61) components from 
\x)(s)-j, except for the rest gauge parameters (t>\^\p-, and gauge dependent <P\q\p- 

Fourth, we have the residual gauge transformations on the not gauge-fixed (due to (6.61)) 
components in \x){s)s to be obtained from the same general relation, 5\x){s)-i = Q{s)-i\x\) {sh- 
So, from the gauge transformations for the fields 0g|^, 0io4|a( 



50, 



8|m 



we find, that fields 



1 

= -4 
T 

^\m\p 



'l8|At' 



104|p — '/'lOOlpj/, r^7%\p 2 

are removed by means of the vector 



1 



18|p- 



(6.71) 



^g|^ and the relation 



100\pu, 



^76|p 



1 

2' 



(6.72) 
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Finally, we may write down all the gauge transformations which contain the only surviving 



tensors 



'17 



6^ 



o'llAt V where the latter ones are expressed 



due to Eqs. (|6.69|), (|6.70|), (|6.72|) in terms of the components of single tensor as follows 



5$ 



5(t) 



lOl\^J,,l' 



-d 



kMip 



'■-d 



dvi)l. 



{vi)l 

i|p,[m,H' 

{vi)l 



2'^p(Pl\ ,\pA 



+ 



(m)l 



and for r/o-dependent terms in field vector |x)(s)3 derived from the Eqs. (6.62)-(6.67) 

■¥{P^ 



Ol\p,y,p 



"V02\p = - 
^^07^pu,p '- 
^'t'0Wid\pu,p 
^<Poi7\p = 
^<Po7&\p = 



2^^^ 



l\p\v],C7] 

i| >Kp] 



, . _|_ iQu 



-If), d^s'-"'''^ + i(9 8' 



l|i/,[p,p] ^ 2'-">'^i| .['^.mI' 



i|U',H,p]' 



l\v\p,p] 2^^ 
(ot)1 



1| Ji'.P]' 



gC^c </;^| ji,,p] -h ^i|v,[p,p] ^ 2'-"?^i| :hp]- 



(6.73) 
(6.74) 
(6.75) 
(6.76) 



(6.77) 
(6.78) 
(6.79) 
(6.80) 
(6.81) 
(6.82) 



The gauge transformations for only independent (because of the Eqs. (6.68)) gauge parameters 
[p i'] ""^^^ reduce to the final answer 



5(j) 



{vi)l 

^\^J■,W,p] 



2idu 



,///2 

'i|p,p] 



and 



^i£,p 



-idp(f)lipy 



(6.83) 



The structure of the gauge parameter |xj)(s)3 now is completely determined, whereas the field 
vector \x)(s)3 is reduced to \Xg)is)s which has the same structure as in (D.31) but with sighnif- 
icantly less number of components. For instance, gauged vector l^'g) (2.1,1) contains only initial 
tensor, |$)(2,i,i) = a]^''ai^'^a2^''a3^'^|0)$^iy,p,o- and \xo\g){s)3 has the same structure as |Xg)(s)3- 

Let us turn to the removing of the rest auxiliary fields in the field vector \Xg){s)3 by means 
of the resolution of the part of the equations of motion. 



6.3.3 Gauge-invariant unconstrained Lagrangian 

Now, we should find the result of the BRST operator Q action on the gauged field vector 



\Xg)(s)3, in order to solve algebraic equations of motion from the last general relation (6.23), 
i.e., Q\Xg)is)3 = 0. We start from the obvious consequences that, all the fields \4>n){s)3, for 
n = 26, . . . , 42, 85, . . . , 90 and n = 106, 108, . . . , 161, 190 with multipliers should vanish 
except for the already gauged scalars 0^44 — 0i46, ^154, ^159 (as in case of gauge fixing procedure 
for |x)(s)3). Second, we resolve ?7o-dependent part of the equations as it have already done for 
the gauge vector |Xg)(s)3 and find 

{^oiL{'^,p} = ^ ^oi\p,w,p] ^ 0) ' ^076\p = l^oii'^M^ ^'^ii|^",[P,-] = <^oi7|p. (6-84) 

2^oi\{p,[pM} ^ ^owo\p[p,u]y 2^011" ,W,p\ = ^02\py y 2^oi\{p,[u},p] ^ '~^075\p[u,p]- (6.85) 
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Therefore, the only gauge transformations (|6.77|) for the independent field 0oi|^ remains and 



,{vi)l 



are written as, 

^liL^P] = -^ipd'-^Twu} + ^^mIm ■ (6-86) 
Then, from the system of the r^o-independent part of the Lagrangian equations of motion, 
Q\Xg){s)3 = 0, considered for the linear terms in ghost , then in third VkC^C^ and finally, 
in the fifth powers in ghost we get the set of equations, which permits to 

completely remove the rest auxiliary (gauge-independent) fields in |Xs)(s)3- 



'^piui 'i^^l\ii,V ^2\iM,u^ 06|/i5 ^13^ ~ ^17\fi^ 021) 023) 024|At) 043|At) 044|/^) 

'45 ~ 048) 045 ) 049|Ati/ ~ 051|mi" 051|Ai,!^) 052 ) 0531^1^) 054 ) 055|/i ~ 058|m' 057|m' 06O|At) 062) 
'64 ) 066|At) 069) 0701^1^) 07O|m,i" 072) 073|At!/) 074|a() 075|At) 078|Ati^) 079|m' 079|m' 081|m' 083|Ati'p) 

fiup^ 4'84\^lu,p^ 084|At,i^p) 091) 092|/ii/) 093|At) 094) 095|/i) 097 ) 098|pi^) 099) 01OO|At) 01O2|^(!/) 
103|p) 01041/x) 01O5|Ati/p) 0107 ) 0162|/ii/,p) 0164|/^!/p) 0165|pv ~ 0165|m,!^' 0166|Ati^) 0167|Aii/) 0169|pvp(T) 
170|pi/p(T) 017O|pi^p,o-) 0171|aj) 0172|p!/) 0173|m' 0173|p) 0174|p) 0175|At!/p) 0176|p) 0177) 01781^(1^) 



(6.87) 



a79|pi/p) Vl79|M!^,p) 



Ati/p) ri82|p!/) ri83|p;/p(T) Vl84|p!/p 



p,i/p) ri85|p!/p) V^185|At!^,p) 



r'l86|p,!^) 'f'l89|pi^pcr) ri89\pup,o 

and to derive the relations 
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^76\p,u 



= 



*^pz^,[p,o-] 7^ 0, 



{pi^,p},cr 



/i,p,!/ 



^ioi|AJ,i^) 

0O17|m- 



^101|p,i/) 01|{p,i/} 



^t,i/,p 

: 0^ 



{p!^,<3-,p} 



aoiiAt,!/ 



^101|[p,i/] 



From the equations at r]^ (in Q\Xg) is)^ = 0) we may to express the fields 
only initial tensor ^^u,\p,a] ■ To do this, we with using of the following from the Eqs. (|6.88|)-(|6.90|) 



01\p,[u,p 



(6.88) 
(6.89) 

^76|[M' (6-90) 
(6.91) 

in terms of 



expressions for 



'76\^l,p^ 't^l\u,p' V^101|!/,p 



find 



^01\p.,[u,p] 



\\[p,^] 



IpApM] 



iiii 

^7e\[p,v] 



[M,H:P] 



^101|[p,i^]) 



(6.92) 



(6.93) 



The set of the relations 6.84, 6.85 (6.92), (6.93) together with one independent Young symmetry 



condition from the Eqs. (6.88) for nonvanishing components ^pa,[u,p]'- 

^{pu,[p},a] = 0, 



(6.94) 



permit to express all the rest components from \Xg)(s)3 in terms of only initial tensor $^(j,[i/,p]- 
This tensor due to the property (6.94) is doubly traceless. Note, that equivalently, we may 
work with the tensor ^pu,[p,a], 



pu,[p,a] 



pi^,[p,(T] 



1 



[pp,[u,a]] 



P[p,lP,^]] 



(6.95) 
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all the rest component fields in |x)(s)3 gauged away within the procedure described in the Subsec- 



tion 6.3.2 except for the fields with nontrivial gauge transformations in ( 6.73 1-( 6.76) 
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I0O1|/)(1,1,1) ^2^ 1 0021/) (0,0,1) +^3^ 1 00171/) (0,1,0) 



which satisfies to the Eq.(6.94) identically. 

The corresponding field vector \Xg)(s)3 reduces to the form of |x/)(s)3, (|X/)(s)3 = lx/fe)(s)3 + 

^o|XO/)(s)3), 

IX/)(.)3 = l'^')(2,i,i) +^i+r/^|0i|/)(o,i,i) +^2^r/+|076|/)(i,o,i) +7^3^r/+|0ioi|/)(i,i,o) (6.96) 

+ ^0 

+ ^2^|I0O75|/)(2,O,1) +^3^^?ri0O76|/)(l,O,O)| + ^3^ |0O1OO|/) (2,1,0) 

where all the vectors |0 |/)(s)3 are expressed in terms of only components of ^fj,a,iu,p\- So, the 
vectors |0o„|/)(s)3 have the structure, 

111 

0O1OO|m[p,H = 'id''^{f,a,[pM}] - -5{i.'^''^p},[p,a] " -dlp^" a,[p,u}] + 'dl^,^" p,[u},a], (6.97) 

0O76|p = - '^'''<T,[p,p]), 0O76|p = 0O2|p = -0O17|m' (6-98) 

0OlOO|p[p,!/] — ~0O75|p[p,i/]- 

Corresponding bra- vector (s)3{Xf\ from dual Fock space reads as, 

(^)3(X/I = (2,1,1)('^'| + (O,l,l)(01|/|^l'Pl(l,O,l) + (l,O,l)(076|/|'7l'P2 + (l,l,O)(01Ol|/|'7l^3 (6.99) 

+ 



(1,1,1) (0011/1 - ( (0,0,1) (0021/ 1^2 + (0,1,0) (00171/ 1^3) 1^1 I'P 



+ 1 (2,0,1) (00751/ I + (1,0,0) (0076 |''?l'P3|'P2 + (2,1,0) (0O1OO|/ |'P3 

where, for instance, bra- vector (2,1,1) ('^'1 has the form, 

(2,1,1) ($1 = J$^,,[p,.](0|«aK. (6.100) 



Then the relation (6.26) with account for -^^(2,1,1) = 1 on Fock space Ti^Tigh gives the 
following action for (5)3 = (2, 1, 1), 

^{sh = (sh{Xfb\[lo\Xfb){s)3 - Ag|xo/)(s)3}-(s)3(Xo/|{AQ|x/fe)(s)3 -^ritvi\Xof)ish]iQ-lOl) 

i 

Explicitly Lagrangian looks in terms of the tensor $uiA[p,cr] and all the auxiliary fields (which 
should be then expressed in terms of only $^'^'['^''^1) ad^ 

^(2,1,1) = - i0S'^^^""'n0Sl[L] + i^'^"^^"H^{.0SH.[p,.] + 29,0o75|p[4P-lO2) 

+2a.0oioo|pKp]} - 2 01'^^"''^' {^.0021. + 5.00171. + 2^''0Sp,[m,h} 

;mm,.] _ 0ioi[^'^]}a''0i;;) _[^^,, + - 0(;i7}5^0iiL] + 0{;20o2ip + rou^.^,. 

\k^^^^'''''^{k7^^.[uM + d'^^.u^ipM] - j0oioo^'"'"^|0oioo|M[.,.] +5'''^p.,k,p]|- 



+ 4 



^^in order to provide reality of the Lagrangian due to sign "-" in the commutation relations, [0^,0^!""^] = 
—rj^'^dij, we should later to connect with each of the Lorentz index the imaginary unit for the vector, sec- 
ond, third, fourth and so on rank tensors by the rule, 4>p-^ ^„ ~^ Mn' ^^sX 4>pi,pa- — 4'p.vpa^ 
4'p u p — — *<^. u p^ 4>p V — ^4>p 't'p — ''■4'p and must change the corresponding signs in all above formulas with 
components with writing the hat " " over the fields 
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Finally, 



>C(2,1,1) = ^<f'^"'t'''"^{n$^.,[p,.] + d{^[dp^\,},lr,.]] + du}^\,M + 9,$"M,[p],r] (6.103) 



The Lagrangian (6.103) is invariant with accuracy up to total derivative with respect to the 



gauge transformations 



(6.104) 



where gauge transformations for the gauge parameters 'P^^p]^^ now reduce to the final form 
with omitting the over the gauge parameters 



25[i.0i£,p] and 



^i£,P 



-^P0?|M]- 



(6.105) 



Thus, we have obtained the gauge-invariant Lagrangian (6.103) in terms of only initial 



free massless mixed-symmetric tensor field $p^jp,o-]- The resulting theory is the second-stage 



reducible gauge theory. The formulae (6.103 )-(6. 105) present our basic result in the Section 6.3 



The case of massive tensor field of spin (2, 1, 1) maybe explicitly derived from the Eqs. (6.103)- 



(6.105) by the dimensional reduction procedure. 



7 Conclusions 

In the given paper, we have constructed a gauge-invariant Lagrangian description of free integer 
HS fields belonging to an irreducible representation of the Poincare group ISO{l,d — 1) with 
the arbitrary Young tableaux having k rows in the "metric-like" formulation. The results of 
this study are the general and obtained on the base of universal method which is applied by 
the unique way to both massive and massless bosonic HS fields with a mixed symmetry in 
a Minkowski space of any dimension. One should be noted the Lagrangians for the massive 
arbitrary HS fields on a fiat background have not been derived until now in "metric-like" and 
"frame-like" formulation^^ 

We start from an embedding of bosonic HS fields into vectors of an auxiliary Fock space, we 
treat the fields as coordinates of Fock-space vectors and reformulate the theory in such terms. 
We realize the conditions that determine an irreducible Poincare-group representation with a 
given mass and generalized spin in terms of differential operator constraints imposed on the 
Fock space vectors. These constraints generate a closed Lie algebra of HS symmetry, which 
contains, with the exception of k basis generators of its Cartan subalgebra, a system of first- 
and second-class constraints. Above algebra coincides modulo isometry group generators with 
its Howe dual sp{2k) symplectic algebra. 

We demonstrate that the construction of a correct Lagrangian description requires a de- 
formation of the initial symmetry algebra, in order to obtain from the system of mixed-class 

"'^^In principle, the massive theory can be obtained from massless by dimensional reduction. However, we 
suggest that it will require the same amount of work as one for independent formulation. 



28 



constraints a converted system with the same number of first-class constraints alone, whose 
structure provides the appearance of the necessary number of auxiliary tensor fields with lower 
generalized spins. We have shown that this purpose can be achieved with the help of an ad- 
ditional Fock space, by constructing an additive extension of a sp{2k) symmetry subalgebra 
which consists of the subsystem of second-class constraints alone and of the generators of the 
Cartan subalgebra. 

We have realized the Verma module construction in order to obtain an auxiliary repre- 
sentation in Fock space for the above algebra with second-class constraints. As a consequence, 
the converted Lie algebra of HS symmetry has the same algebraic relations as the initial algebra; 
however, these relations are realized in an enlarged Fock space. The generators of the converted 
Cartan subalgebra contain linearly k auxiliary independent number parameters, whose choice 
provides the vanishing of these generators in the corresponding subspaces of the total Hilbert 
space extended by the ghost operators in accordance with the minimal BFV-BRST construc- 
tion for the converted HS symmetry algebra. Therefore, the above generators, enlarged by the 
ghost contributions up to the "particle number" operators in the total Hilbert space, covari- 
antly determine Hilbert subspaces in each of which the converted symmetry algebra consists of 
the first-class constraints alone, labeled by the values of the above parameters, and constructed 
from the initial irreducible Poincare-group relations. 

It is shown that the Lagrangian description corresponding to the BRST operator, which en- 
codes the converted HS symmetry algebra, yields a consistent Lagrangian dynamics for bosonic 
fields of any generalized spin. The resulting Lagrangian description, realized concisely in terms 
of the total Fock space, presents a set of generating relations for the action and the sequence of 
gauge transformations for given bosonic HS fields with a sufficient set of auxiliary fields, and 
proves to be a reducible gauge theory with a finite number of reducibility stages, increasing 
with the value of number of rows in the Young tableaux. 

It is proved the fact that the solutions of the Lagrangian equations of motion (5.17) after 
a partial gauge-fixing and resolution of the part of the equations of motion, correspond to 
the BRST cohomology space with a vanishing ghost number, which is determined only by 
the relations that extract the fields of an irreducible Poincare-group representation with a 
given value of generalized spin. One should be noted the case of totally antisymmetric tensors 
developed in Ref. |10] is contained in the general Lagrangian formulation for si = S2 = ■■■ = 
Sk = I, k = [d/2]. 

We demonstrated that the general procedure contains as the particular case the Lagrangian 
formulation for the mixed-symmetry bosonic tensors subject to Young tableaux with two rows, 
developed earlier in [32], |39], and derived in the first time the new unconstrained Lagrangian 
formulation in (6.23)-(6.26) for the mixed-symmetry HS fields with three groups of symmetric 
indices subject to Young tableaux with three rows. We applied the latter algorithm to get new 
Lagrangian (6.103) and its reducible gauge symmetries (6.104), (6.105) for spin (2, 1, 1) massless 
field in terms of only initial tensor of the fourth rank. Obtained result permits to immediatedly 
enlarge the found Lagrangian formulation on to one for HS tensor of spin (2, 1, ... , 1)) subject 
to Young tableaux with k rows. 

There are many directions for extensions of the results obtained in this paper. We point 
out some of them. First, development of the analogous approach to fermionic HS fields with 
arbitrary Young tableaux. Second, Lagrangian construction for bosonic and fermionic fields 
with arbitrary index symmetry on AdS space. Third, derivation of component Lagrangians 
for simple enough but new cases. Fourth, developing the unconstrained formulation for fields 
with arbitrary Young tableaux analogously to component formulation with minimal number of 
auxiliary fields given in |Tl] for totally symmetric fields which as well (as it have shown in |llj) 
can be derived from the obtained general Lagrangian formulation by means of partial gauge 
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fixing procedure. We are going to study these problems in the forthcoming works. 
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Appendix 

A Additional parts construction for sp{2k) algebra 

In this appendix, we describe the method of auxiliary representation construction (known for 
mathematicians as Verma module [53]) for the symplectic algebra sp{2k) with second-class 
constraints {o'„,o'^} = {I'ij, ,t''^^ ,t'jj} and Cartan subalgebra elements g'g having in mind 
the identification of sp{2k) elements and ones of HS symmetry algebra A{Y{k), R^''^^^) given 



by the Eqs.( |2.26D . 

Following to Poincare-Birkhoff-Witt theorem, we start to construct Verma module, based 
on Cartan decomposition of sp{2k) {i < j, I < m, l,m = 1, k) 

sp{2k) = O © {g'^} © {/^, C) ^ £^ (BH,® ^.tQ (A.l) 

Note, that in contrast to the case of totally-symmetric bosonic HS fields on M^'*^"^ the 
negative root vectors from £^ do not commute already for > 2 (see, Refs. [32], [SH])- However, 
we consider highest weight representation of the symplectic algebra sp{2k) with highest weight 
vector |0)y, which must annihilate by the positive roots e f^, and being by the proper 
one for the Cartan elements Qq, 

^"I0)v = gi^\0)y = h'\0)v. (A.2) 

The general vector of Verma module V{sp{2k)) compactly written as, \N)v, has the form in 
terms of occupation numbers, |iV)y = \nij,Prs)v, 

\nij,Prs)v = ...,nifc,n22, ...,n2k, ■■■,nkk;Pi2, ■ ■ ■ ,Pik,P23, ■ ■ ■ ,P2k, ■ ■ ■ ,Pk-ik)v , (A. 3) 



Sj. , determined as 



where the coordinates nij,Prs mean the exponents of corresponding negative root vector E' G 

k k-l k 



i,j=l,i<j r=l s=r+l 



^^we may consider sp{2k) in Cartan- Weyl basis for unified description, however without loss of generality the 
basis elements and structure constants of the algebra under consideration will be chosen as in the table [ij 
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and non-negative integers riij^prs- It is easy to obtain the result of the action of negative root 
vectors, i.e. ilji^ji^t^s') ^'^'^ Cartan generators, on \N)v 



t%\N) 



V 



V 



riijjPrs + Sr's',rs)v — '^^Pk'r' \'nij,Prs — 5k'r',rs + 5k's',rs)v 



r'-l 



(A.5) 
(A.6) 



fc'=i 



V 



— ^^(1 + Sk'r')nr'k' — Sr'k'Aj + ^s'k',ij)v 
k'=l 

I ^(1 + 6ii)nii -J2p^s + J2P" + ) • 

\ I s>i r<i / 



(A.7) 



In deriving, two last relations we have used the algebraic relations for sp{2k) from table [T] and 
the formula for the product of operators A, B, n > 0, 



AS" = J2 



k=0 



k\{n-k)\ 



k times 

S"-^ad^A, ^d%A=[[...[A,'FCXB}, 



Second, the Eq.(A.8) permits to find both the identities. 



(A.8) 



(A.9) 



and the equation in acting of the positive root vectors t;,^, on the vector \6ij,Prs)v (due to 
non-commutativity of the negative root vectors t'^ among each other) in the form, 



I'-l 

)v ~ Pn'm' 
n'=l 

m'-l 
k'=l'+l 



^ijyPrs ^n'm',rs ~l~ ^n'l' ,rs} V 



r'<l' ,s'>r' r'=l' ,m'>s'>r' 
V , 



X n n K^')^''"io) 

g'=l',t'>m' q'>l',t'>q' 



(A. 10) 



where the vector ICi^'"')y, /' < m', is determined as follows. 



m! — \ 



Prs I ^ 



^/ [h^' -K^' - X {pvk' + Pm'k') + XI 
fc'=m'+l 

k 

Oij,Prs — Sl'm',rs)v + X P'-'k'\^ 

m' — l 
— X^ Pn'm' 



Pk 



Pi' 



1 X 



k'=l'+l 

Oij,Prs — Sl'k',rs + Sm'k',rs)v 



k'=m'+l 

^ijyPrs ^l'k',rs ^n'm',rs ~\~ ^n'k' ,rs)v 



(A.ii; 



n'=l 



''explicitly, for instance, the notation for the vectors 



N + 5itji ,ij)y in the Eq.( A.5 1 means subject to definition 



(A. 3 1 increasing of only the coordinate riij in the vector \N)v^ for i ~ i' ,j ~ j' , on unit with unchanged values 
of the rest ones, whereas the vector \nij,prs — Sk'r',rs + ^k's',rs)v implies increasing of the coordinate prs, for 
r = k' ,s = s' , on unit and decreasing on unit the coordinate p^si for r = A:', s = r', with unchanged values of 
the rest coordinates in \N)v- 
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The recurrent relation (A. 10) maybe easily resolved so the solution has the form, 



m'-l'-l m'-l 



t'l'm'\^ij^'Prs)v 



J-l 3 



J-1 J 



m' — 1 p 
p=0 k[=l'+l k'p=l'+pj=l 

I'-i 

^ ^ Pn'm' ^ijyPrs ^n'm',rs ^n'l' ,rs)v ) = I . 



(A.12) 



n'=l 



Therefore the final result for the action of t^,^, on a vector |A^)y maybe written as follows, 

k 

^'l'm'\-^)v = — + ^k'm')nk'm'\nij — Sk'm',ij + Sk'l' ,ij , Prs) V 



k'=l 

m'-l' — l m'—l m' — l p 



^kpTn' 



+ E E ■■■ E n^^;-. 

p=0 k[=l'+l k'p=l'+pj=l 



i-1 i' 



(A.13) 



n'=l 



Now, it is easy to derive the rest formulae for the positive root vectors /;/^/, for I' = m', account 



of the relations (A.9|) 

l'i'i'\N)v = 



1 ' ' 
fc'=i 

I'-k'-l I'-l 



k'-l 



'Y^Pn'l' l^ij — Sk'l',ij,Prs — ^n'V,rs + ^n'k',Ts) 



V 



n'=l 



p 

+ E E - E Up^u 

p=0 k[=k'+l k'p=k'+pj=l 



n'=A:'+l 



s>l' r<V J 



+ni'i' I n;/;/ - 1 + XI '^'^'^ 
A; 



— Sl'y,ij,Prs + Sl'k',rs)v 



\ °^vy 

y=i'+i 
I'-i 

X^Pn'i' Inij — 5l'k',ij,Prs — Sn'l',rs + Sn'y,rs)\ 



n'=l 
k 



— X^ (1 + Sn'l')nn'l' N — 5l'k',lm — ^I'n' ,lm + <^fe'n',im)y 
n'=k'+l 

4 E 

k'=i,y^v 



ni'yini'k' - 1) 



N — 26i>k',im + 5yy,im)v 



(A. 14) 
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and for /' 7^ m', 



\ m'~l 

4 fc'=l 

m' —k' — 1 m' — l 



k'-l 



Pn'm' ^k'l' ,ij y Prs ^n'm',rs ~l~ ^n'k' ,rs)v 



n'=l 
m' — l p 



p=0 fc'^=fc'+l k'p=k'+pj=l 



n'=fc' 



1 ^ 
4 



— (1 + 5n'm')nn'm'\nij — 5k'l',ij — 5n'm',ij + Sk'n' ,ij , Prs) V 

^ij — Siik'^ijjPrs + Sm'k',rs)v 

^ ^ Pn'm' k' ,ij ^Pts ^n'm',rs ~l~ ^n' k' ,rs) V 

n'=l 
k 

(1 + Sn'm')nm'n' l^ij — Sl'k',ij — 5n'm',ij + ^k'n',ij) 



m — 1 



.a V 



n'=l>+l 



m' 1 + ^ ^ (1 + Sk'm')n'k'm' + ^ ^ ''^i'fc' ^ ^ P/'s 
fc'>r k'>m' s>l' 

'm',ij,Prs/^ 



s>m' 



1 ''-1 
4 fc'=l 



r</' 



k'-l 



r<m' 



~ X] Pn'i' ~ Sk'm',ij,Prs — 5n'l',rs + 5n'k',rs)v 

n'=l 



I'-k'-l I'-l I'-l p 

p=Q k'j^=k'+l k'p=k'+pj=l 



k' ]' 



"k'm'Ai'Prs 



(1 + ^n'l')nn'l'\nij — Sk'm',ij " (^nTij + ^k'n' ,ij , Prs) V 
nij — Sm'k',ij,Prs + Sl'k',rs)v 



n'=k'+l 



1 

4 fc'=;'+l 



P n'«' l^ij — Sm'k',ij,Prs — ^n'l',rs + l^n'fc'.rs)! 



n'=l 



(A.15) 



So, the formulae (A. 5)- (A. 7), (A. 13) - (A.15) completely solve the problem of auxiliary 



representation (Verma module) construction for the symplectic sp{2k) algebra. 

A.l note on additional parts construction for massive HS fields 

To solve the same problem as above described in the Appendix |A| but for auxiliary repre- 
sentation construction for HS symmetry massive algebra A{Y (k) jM}'"^'^) we may to enlarge the 
Cartan decomposition (A.l) up to one for A{Y{k),M}''^~^). Then we could make all the same 
steps again with only the fact, that the Cartan subalgebra would now contain the element /q 
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whereas the highest weight vector \0)v and basis vector \N'^)y of A{Y{k),'M}''^ ^) in addition 



to definitions (A.2)-(A.4) determines as follows, 
/:iO)y = 

k 



(A.16) 
(A. 17) 



for some parametes m-j G IR+ of dimension of mass, so that central charge in the initial 
algebra A(Y{k),'M}''^^^) will vanish in the converted algebra Ac{Y{k),'M}''^^^) because of the 
additive composition law 



lo ^ Lq = lo + I'q = lo + 



(A. 18) 



for the central elements m^, m'^ and Casimir operators /q? respectively of the original algebra 
of oj and algebra of additional parts o'j. 

B Oscillator realization of the additional parts in a new 
Fock space 



Following general Burdik's result of Refs. | 55| a nd making use of the mapping between basis 
of Verma module for sp{2k) given by |A^)v (A. 4) and one in new Fock space "H', 



i,j>i r,s,s>r 



(B.l) 



where the vector {nijjPrs), first, has the same structure as the vector \N)v in the Eq.(A.3), 
for nij,prs G No and, second, appears by the basis vectors of a Fock space Ti' generated by 
new bosonic, bfj, (i+ , bij,drs, i,j,r,s = 1, . . . ,k;i < j;r < s, creation and annihilation operators 
with the only nonvanishing commutation relations 



J132 5 



S2 1 



(B.2) 



we can represent the action of the elements o'j on |A^)y given by the Eqs. (A. 5)- (A. 7), (A. 13) - 
(A. 15) as polynomials in the creation operators of the Fock space "H'. The only requirement on 
the number of pairs of the above bosonic operators that it must coincides with one for pairs of 
second-class constraints, i.e. with the numbers of negative (or positive) root vectors in Cartan 
decomposition of sp{2k). 

Finally, the oscillator realization of the elements o'j may be uniquely presented as follows, 
for Cartan elements and negative root vectors. 



9'o 



Km 



r<s 



n=l 



n=l 



(B.3) 

(B.4) 
(B.5) 
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for the elements I'l^ of upper-triangular subalgebra £^ separately, for / = m and for / < m 

k l—l n— 1 k 

'I 



I'll = i Z ^nn^'n+2E[E^n'n^"''+ E + '^"'OC^n'; 



(B.6) 



n=l,n^l n=l n'=l n'=n+l 

/-n-1 /-I /-I p 

p=0 fci=n+l kp=n+p j=l 
+ ( E - E "^^sdls + E "^rldrl + k 



Jnl 



•II 



^ n=l 
k 



s>l 
l-l 



r<l 



Jin, 



n=l+l 



n'=l 



n'=n+l 



m—1 



Im 



4 n=l I- n'=l 

m— n— 1 m—1 m—1 



(B.7) 



+ E E ••• E c'''^{d\d)\{d,^_,, 

p=0 fci=n+l kp=n+p j=l 

1 ^ r '"^i ^ "I 

^ n=m+l L n'=l 

+ ^ (E ^i^^'" + E + ^nn^)hlrrfinn^ " ^1 " E ^tsdms 

n=m n=/+l s>/ s>m 

+ E + E dtmdrn^ + + h""^ 

r<l r<m 

1 r / ■ 1 Z 1 /I 

-7 E - E d:l^>„dn'l + Ep=0 Efci=„+1 • • • T.kp=n+p C^^^d"^, d) n5'=i 4,_ifc,- 
^ 71=1 L n'=l 



n=i+l 



- 5^ (l + '^n'OO. 
n'=n+l 

and for the "mixed symmetry" elements t^^, 

i— 1 m — l—l m—1 m—1 



\ k r i-1 



n'=l 



t', 



Im 



E<A™+ E E ••• E c''^"^(^^^)^^'^.-^. 

n=l p=0 fci=/+l kp=l+p j=l 

k 



(B.8) 



nm ; "'O 



kn = L 



n=l 



where the vector | ) y , / < m given in (A. 11), is transformed to the operator C {d,d'^) 
given by the Eq. (3.8). 



Thus, we have obtained the expressions of the additional parts o'j{B, B^) (3.2)-(3.7) for the 
operator algebra sp{2k) given by the table [l] 

Let us find an explicit expression for the operator K' used in the definition of the scalar 
product (3.12) and given in an exact form in ( |3.14 ). 

One can show by direct calculation that the following relation holds true: 



V {ni^,Pr 



Ei(i + Siihii - J2i>iPii + J2i<iPii 

^ Ej>Z P'li + Ej</ P'il 



(B.9) 
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For practical calculations for low values of sets of k numbers 
(^(1 + Sii)nii - ^Pii, ^(1 + Si2)n2i - ^P2i +P12, + 5ik)nik + ^Pifc), (B.IO) 

i i>l i i>2 i i<k 

with prt, riij being the numbers of "particles" associated with c?^, 6^ for i < j,r < t (where 
0?^ reduces the spin number Sr by one unit and increases the spin number st by one unit 
simultaneously), the operator K' reads with use of normalization condition y(0|0)y = 1 

K' = |0)(0| + ^(/i^-/i^)ci+|0)(0|4s + 5^(/^*(l + 25^^) + /i-')6+|0)(0|% (B.ll) 

r<s i<j 

l<i 

+ i {j2biMh' - h') + (1 + 5'') - ^')^^'^'.) 

i<j l<i l<j 

+i E(E ^;4lo)(o|(/.^ - /^O + $^fe;4lo)(o|(i + - + • • • • 

i<j l<i l<j 

The above expression for the operator K' may be used to construct LF for HS fields with low 
value of spin. 

Thus, we have found the auxiliary scalar representation of the symplectic algebra sp{2k) for 
the additional parts of the constraints o'j in the new Fock space Ti'. 



C Reduction to the initial irreducible relations 



Here, we consider preferably massi ve ca se , ma k ing then comments o n m assless HS fields. We 



show that the equations of motion (3.15), (2.3)-(2.5) [or equivalently (2.8), for Iq = /o + ^^, and 
(2.9)] can be obtained from the Lagrangian (5.21) after gauge-fixing and removing the auxiliary 
fields by using a part of the equations of motion. Let us start with gauge-fixing. 



C.l Gauge-fixing 

Let us consider the field \x''), for I = 1, k{k + l), at some fixed values of the spin (ni, . . . , Uk). 
In this section we will omit the subscripts associated with the eigenvalues of the cXi operators 
(5.16). Then we extract dependence of Q (5.2) on zero-mode ghosts tjq and Vq 

Q = voLo + iJ^viv'^Vo + AQ (C.l) 

m 

= vtL^ + J2'^LL''^ + Y.^LT''^-J2^^U^t'-^ti^^',W (C.2) 

l<m l<m i<l<j 

l<n<m n<l<m n,l<m 



n,l<m l<m,n<Tn 

-{I E(l + ^i^)^'''vL + E ^'-^""^ + E^-/^""")^' + Herm.C. 



l<m l<m m<l 
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and do the same for the fields and gauge parameters 



\X') = \S')+ Vols'). 



(C.3) 



Then the equations of motion and gauge transformations (5.18)-(5.19) can be rewritten as 
follows 



6\S'-') = AQ\S')-J2v^vnB') 

m 



for / = 0,...,fc(A; + l). 

As the following step, we consider the lowest level gauge transformation 



(C.4) 
(C.5) 

(C.6) 



where due to the ghost number restriction one has used that = 0. Extracting explicitly 

dependence of the gauge parameters and of the operator /S.Q (C.3) on r^n, ghost coordinate 
and momentum 



\x') = \x[) + Pt,\x\), 



AQ = AQu + r/nT+ + UuV 



ll5 



(C.7) 



where the quantities |xo), Ixi)) ^ii; Uu, AQu do not depend on r]ii, we obtain the 
gauge transformation of |5'g*-'^'''^''~^) [with t he sa me decomposition for \S^^'^^^^^^) , |5''^(^+^)~-'^) = 



1^, 



fc(fc+i)-i 





) +n,\si 



+ I r,A:(fc+l)-l 



) as one for (C.7) 



(C.8) 



Here we have used that l^g*-^^^^) = due to the ghost number restriction. Since = + 
0(C) = bfi+. . ., as it's follows from the structure of AQ in Eq. (C.3 ), we can remove dependence 



of \S, 



Hk+i) 1^ ^+ operator using all the degrees of freedom of |S'f^'^^^''). Therefore, after the 



gauge fixing at the lowest level of the gauge transformations we have conditions on \Sq 



bills. 



k{k+l)-l 




)=0 



buVtilx 



+ l^,fc(fc+i)-i 



) = 0, 



) 

(C.9) 



so that the theory became by the k{k + 1) — 1-reducible gauge theory. 

Let us turn to the next level of the gauge transformation. Extracting explicit dependence 
of the gauge parameters and AQ on rju, Vu, 7712, 'P12 and using similar arguments as at the 
previous level of the gauge transformation one can show that the gauge on 



biiVti\x'^'+''>^')=0, 



bi2Vl,Vl,\x"^'^'n = 0. 



(C.IO) 



can be imposed. To obtain these gauge conditions all degrees of freedom of the gauge parameters 
|^fc(A:+i)-i^ restricted by the Eq.(C.9) have to be used. 

Applying an above described procedure one can obtain step by step, first, for / = k{k+l) — 3, 



hiiVtiW) = 0, bi^VtiVUx') = 0, b,,\{vt^x') = 0. 

i 

Then, for l = k{k + l)-A 

' 2 3 ^ \ 

biivti. &i2n^it' ^laii^i' ^i4n^i i^')=o- 



(C.ll) 



(C.12) 
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Defining the set of tlie operators used in (C.9)-(C.12) by tlie rule, 

k 



k-1 k-1 



[A = {b^^rt„...Mkll'Pt^,■■■,bk^lkll'Prk n ^^'^'^'^ n ^^),^ = 1,-,^,(C.13) 



i,j=i,i<j 



(wliere, for instance {k + l)-th component of the set [A''] is equal to A''^^ = &22'?^22 Ili^ "^li) 
we may rewrite equivalently gauge conditions (C.9 )-([C]T2) and all subsequent ones which are 
based on the decomposition of the gauge parameters in all the ghost momenta Pjj,i < j, as 
follows, 



[^']|/(W) = o, for / = !,..., 



(C.14) 



Next, we apply the same procedure as above but starting from the gauge parameter \x ^ ^) 
and extract from it, from the operator AQ (C.3) of the ghost coordinates and momenta rjij, 
'Pij, i ^ j and rji, Vi . As a result, we have obtained the set of the gauge conditions on the 

I -I, 
parameter \x 2 



([A^'^'^%h,vt n 



^)=0. 



(C.15) 



Continue the process with ghosts 771, 772 Vi , V2 and so on extraction we obtain the k sets of 

fc(fc+i) 

the gauge conditions on the parameters \x ^ ™'),m=l,...,fc 

k 2 k 



([Ai^i^^%h,vt n n^'^^n^™ n 



fc(fc+i) 



^) = o, 



i,j=^,i<j 
k 



m i,j=l,i<j 
k k 



(C.16) 
(C.17) 



At last, realizing the same algorithm as above but initiating from the gauge parameter \x 
and extract from it, from the operator AQ (C.3) of the ghost coordinates and momenta r/^, 
V^, rjij, V^, i < j and ^ps, A^^, for p < s, we have obtained the ^k{k — 3) sets of the gauge 



fc(fc-i) 



fc(fc-i) 



conditions on the parameter \x' 



for m = 1,. . . , lk{k - 1) - 1 



fc(fc-i) 



-1 



) = 0, 



(C.18) 



k k 



k-2 k-1 



m i,j=l,ii^j T p,s=l,p<s m i,j=l,i^j 



In the Eqs. (CIS), (C.19) the set of the operators [B^] is determined from the Eqs. (C.17) as 



k k k 

(C.20) 



And finally we obtain gauge conditions on the field \x^) 

\B'^''^'^%d,,xt,fiv:^ n ^^'---'^-i. n ^'-^n^^ n ^^)i/)=o. (c.21) 

m *,i=lii<i p,s=l,p<s m i;j=^,'i^j 

Let us now turn to removing the auxiliary fields using the equations of motion. 
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C.2 Removing auxiliary fields by resolution of equations of motion 

As the, first step, we decompose the fields \S^) as follows 



\s') = \s',) + vt^\s'l), 



I co 

1*^(0)] 



fc(fe+i) 



(0)ifc(fe+i)^ 



'{0)fc/ 
^0 

'{0)fc+i 



I qO 

1*^(0)^+2 



1 5"° 



('')ifc(fc+3) 



fc(fc+3) 



'0 

00/ "l"^H2l^(0) 



2fe(fc+l)- 



and make the same for the vector \B^) 



+X 



12 



I rO 

l^(0)i.(.+3)01 



) + ... + A 



fc-lfcl^{0)fc(fe+i)_il/' 



where the term independent of the ghost momenta is absent due to the ghost number condition, 
gh{\B^)) = —1 and spin value. One should be noted that due to ghdS'^)) = and spin value, 
vector l'S'['o)^(j.^^j) do not depend on the ghost coordinates and momenta as a consequence of the 
gauge conditions (C.21), \S9q-, ) = |$), with 1$) being the physical field (2.7). 

V 



After that, analogously to the fields we extract in AQ ( |C.3[ ) first dependence on rju, Vii, ?7i2, 

1,. 



^2, . . • , rjik, P^fc, next dependence on rji, , I = 1, . . . , k, and on {}ps, A^^, p < s respectively. 
Substituting these k{k + 1) decompositions into the equation of motion 

Ag|5°) 



lo\S') 







and using the gauge conditions (C.21 ) one can show that first 1-^(0)^^^^^^ ^i) 
= 0, and so on till |-B°) =0 which means that 

= 0, = 0. 

Analogously we consider the second equation of motion 

AQ|5°) =0, 



(C.28) 

^(0)fc(fc+l)-2J 



:0,then|5?n^ . J 



(C.29) 



(C.30) 



where \B^) = has been used. After the same decomposition we derive one after another that 

•• = |5oi) = l^?) = 0. (C.31) 



l'5'(o)fe(fe+i)_ii) 



l'^(%fc(fc+i)-2i) 



(«)fc 



Eqs. (C.29 ) and (C.31 ) mean that all the auxiliary fields vanish and as a result we have 
1$) and the equations of motion (3.15), (2.3)-(2.5) hold true. Therefore we proved that the space 
of BRST cohomologies of the operator Q (5.2) with a vanishing ghost number is determined 
only by the constraints corresponding to an irreducible Poincare-group representation. 

One should be noted, that for the massless case the above proof of one-to-one correspondence 
of the Lagrangian equations of motion (5.17) to the Eqs. (2.2)-(2.5) is changed non-significantly 
because of the k gauge fixing conditions (C.15)-(C.17) do not hold and in the rest of the 
Eqs.(C.15 )-(C.21 ) there are not the operators bkVj^ . However, we can straightforward show on 
the validity of the same conclusion as for the massive HS fields for the Lagrangian formulation 
of the massless HS fields as well. 
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D Decomposition of field and gauge Fock space vectors 
for spin s = (2, 1, 1) tensor 

We consider here only the structure of corresponding Fock space T-Ltot vectors (2,1,1)5 1 X^) (2,1,1)5 

to be used for Lagrangian 



x ) (2,1,1) in (5.18)-(5.19) for the example of Subsection 



6.3 



formulation for massless tensor « o- in (i-dimensional flat space-time which is characterized 



One should be noted, the maximal stage of reducibility L 





V 


p 




a 





k{k + 1) — 1 for the tensor 
with k group of symmetric indices is reached only starting from the rectangular Young tableaux 
with length of any row equal to {2k + 1). Thus, for the case of /c = 3 rows a value L3 = 11 for 



nonvanishing vector |x )(si,s2,s3) appears for the Lagrangian construction starting from 
tensor with spin s = (7, 7, 7). In our case, of the tensor with spin s = (2, 1, 1), the nonvanishing 
gauge vector with minimal ghost number ghmm appears for ghmm = —5. Indeed, it is easy to 



show that Eqs. (6.5), (6.6) have not admissible solutions among the set of non-negative integers 
{ni,nij,Prs,nfo,nfi, npj,n^npno, njrs,nxtu,Pi), for j,r, s,l,m,n,o,t,u 



1,2,3, 



i < j,r < 



s, I < m,n < o,t < u, in (|5.7|) and (|2.7|) for the vectors |xO(.'i~io, / > 5. 



Therefore, the gauge vector (2,1,1) from the general expression (5.7) subject to the condi- 
tions (6.5), (6.6) for the respective values s = (2, 1, 1) and / = 5 has the representation (below, 

1)) 



we suppose for this example only that (5)3 



= (2,1, 



12-^23! 



(0)5 



(0) 



|O)0^ 



X) 



(D.l) 



where, we have used the notation, (0) = (0,0,0), for 



(0,0,0)- 



In turn, for the reducible gauge parameter |x )(s)3 of the fourth level for / = 4 in the 



Eq.(6.6) and the same Eqs. (6.5) for spin components distribution, we have the decomposition 
in even powers of ghosts from (11 + 1) summands with the fourth order in momenta Vi in 
?7o-independent terms. 



lx')(s)3 = vt[vt[vt\\tM\)m + K2\<Pl)io,-iA) + \^^^^^ (D.2) 

+ -^12-^23l</'5)(2,0,0)|+ 'P^'^llAi^2l06)(O) + ^11^12 (-^23l</'7){0,l,0) + ^Iz\<PI) {I fifl)) 

+ 'Pt2Ko\tz\(t^t){lAo\ + ^2+^nA^2A^3l0lo)(l,O,O) + ^i+i^i+2A^2A^3l</>ll)(0) + ^o|Xo)(.)3 , 

|O)0q(x), has the same definition and properties as 



where, first, the vector |xo)(s)3 



''o)(s)3 



|x^)(s)3 in the Eq. (D.l) and, second, the decomposition of ghost-independent vectors in powers 



of initial and auxiliary creation operators from 'H^'H' reads 



l0n)(O) 



3)(-l,l,0) = d 



a 



|-fp/(l,0,0) 

for n = 0, 1, 4, 6, 11 and p 



p\fl\-^) 5 

8,9,10. 



^2)(0,-l,l) 
^5) (2,0,0) = 
4) (0,1,0) = 



|O)07|m(^)+« 



iX2|O)0l(a;) 



(D.3) 
(D.4) 
(D.5) 



For the reducible gauge parameter of the third level |x'^)(s)3 for I 



3 in the Eq.(6.6) and 



for the same spin value (2, 1, 1) in the Eqs. (6.5) we get from the general expression (5.7) the 



decomposition in odd powers of ghosts from (45 + 11) summands starting from the third order 
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in P, 



|X')(.)3 



^2+{^3'"l0?)(l,O,O) +^A(|02)mA1) +^^3A^2l03)(O) +<2A^5l04)(O)) (D.6) 

+^l'2l05)(O,-l,l) + 'PtMDiO) + A^2l0?){2,-l,l) + ^2^^ (^1^I08){1,O,O)3 + VtMl) [0)) 
+ A^3l0?o)(2,O,O) + + Vt[vt2\(tA2){^) + A^2l0L)(2,O,O) + ^""1 1 0^) (-1,1,0) 

+^n{A^2l0?5)(o,o,i) + ^i+A^2A^3l0?6)(o) + A^aA^s (^^'l^??) (-1,1,0)3 + ^2^l0?8)(o) 

+^12|019)(1,O,O)3) + A^3|02o)(O,l,O) + A^3|02l)(-l,2,O) | 

+^1^2 {A^3 1 022) (0,1,0) + A;2|023)(1,-1,1) + A^j I^L) (1,0,0) + A+ A+3 1 0^^) (q) } 
+^13A^2|026)(1,O,O) + ^22A^3 102?) (1,0,0) + A|2{A^3l028)(2,l,O) + A+3l0L)(3,O,O)} 



VtVtMl,){0) + Vti\ A^3l03l){O,l,O) + A+3|0L)(1,O,O) + A+2|033)(1,-1,1) 



+?7+A+2A^3l034)(O) \ + ^12A^3|035)(i,o,O) + A]*2A^3| 036) (3,0,0) 



'^3^'PllA]*2l037)(l,O,O) 
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^12 'I A^2l038)(O,-l,l) + A|3|039)(O) + Aj3|04o)(-l,l,O) \ + ^13A+2|04l)(O) 



+'^22A^3|042)(O) + A]*2A]'3|043)(2,O,O) + A^2Aj3 |044) (1,1,0) 
+^o|Xo)(s)3 , 



+ '^12Al2A23l045)(2,O,O) 



where, the vector |xo)(s)3 has the same definition and properties as \x^){s)z in the Eqs. (D.2) 
(D.3)-(D.4) and the decomposition of ghost-independent vectors from 70^71' looks hke, 



0f)(i,o,o) = <|O)0f|^, 

0n)(O) = |O)0L 

0?)(O,-1,1)=43|O)0?, 

0:i)(l,-l,l)=a+'^43|O)0a|M, 



I0')(o,i,o) = 410)0^1^ + a+^^/+ |O)0;t , (D.7) 

|0^)(2,o,o) = ar«nO)0j^. + fell 10)0?, (D.8) 

|0^)(-l,l,O)=42|O)0^, (D.9) 

I02i)(-i,2,o) = 42(410)0^11^ + a+X2|O)0?i|J , (D.IO) 



02){-l,O,l) = 43|O)0^ + 4243|O)0? , |0?)(2,-1,1) = 4 (4 VlO)0?|^, + 4l|O)0?) , (D.ll) 



I0?5)(O,O,1) = 410)0^1, + a+^43|O)0f5|, + 4X310)015% + 4"4243|O)015l, (D.12) 

l0L)(2,i,o) = 4'4'^(4lo)0L|,.,p + ar42|o)0Li,J+4i4lo)0'2'8V (d-is) 

+a+46+d+|O)0L|M + 42|O)0'2y , 

I0?)(i,i,o) = 4'^(41o)0j|^,, + ar42lo)0SiJ+4i42lo)0? + 42lo)0?, (d.m) 

|0g)(3,o,o) = 4''(4'^4lO)0^|,,, + 6+|O)0y, (D.15) 



for / = 1, 8, 19, 24, 26, 27, 32, 35, 37, p = 10, 13, 43, 45, n = 3, 4, 6, 9, 12, 16, 18, 25, 30, 34, 39, 41, 42, 
r = 20, 22, 31, t = 5, 38, a = 23, 33, d = 14, 17, 40, y = 11, U and b = 29, 36. 

Then, for the reducible gauge parameter of the second level |x^)(s)3 for the value / = 2 in the 
Eq.(6.6) and for the spin value (2, 1, 1) in the Eqs. (6. 5) we have decomposition in even powers 
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of ghosts from (102 + 45) summands starting from the second order in Vi 



\x')is) 



(D.16) 



+ 



^2^{|0?){1A1) +^1+^3^I02)(O) +^i+i(^?^3l03)(O) +^^3l'/'4)(-l,l,0) 

<2l05)(O,-ia)) +^^5A^2l06){2AO) +<2A^3l0?)(2AO) +^MI08){O) + ^tz{nt\4^l) {Iflfi) 
+^nl0?o)(O)) + K2{^t\4>\l) {1,-1,1) + ^nl0?2)(O,-l,l)) + ^^5(^1^I0?3){O,1,O) + vt\4>lo2){im 
+^nl0?4)(-l,l,O) + <2l0?5)(O))} + ^3+{ |0?6)(1,1,O) + ^n^9^2l0n)(O) + A^2k+l0?8)(l,O,O) 

+^nl019)(O)} +^n{l02o){-l,l,l) +^3"A^2l02l){O) +^^(A^2l022)(O,-l,l) + A^3l</'23)(0) 

+ A23l024)(-l,l,O)) +^^(A|2l025)(-l,O,l) + A^g | ^ao) (-1,1,0) + A^g 102?) (-2,2,0) ) 
+^23Al2l</'28)(0,l,0) + ''9l2A^3l</'29)(l,0,0) + ^13Al2l03o)(l,O,O) + ^12 A^3 I'/'si) (0,1,0) 

+^^2A^20<^32)(1,-1,1) +^M^3l0L)(O)]} +n^2{l034)(O,O,l) +r7i+(A+2|035)(O,-l,l) 

+ ^iz\4>l6){0) + A^3|037)(-1,1,O)) + it ^2z\4>l%) {Id) + ^923Al2l039)(l,O,O) + ^9l2A23 I04o) (1,0,0) | 

+^2'2{l<^4l)(l,-l,l) +^i+A+3|</)^2)(0)} +n^3{l</'43)(0,l,0) +^l''A|2l^ 

+ A|2l046)(2,O,l) + A|2A^3 (^1^1 04?) (1,1,0) + 1 048) (0,1,0) + ^1^2 1 ^L) (1,0,0) + ^2 1 05o) (3,0,0) 
+^^l05l) (2,0,0)) + A^3||052)(2,1,O) + ^1^ AI21 053 ) (2,0,0) + A+a I^L) (1,0,0)} + A^3|055)(l,2,O) 

+Vt P3^|0^6)(2,O,O) + ^l'i{l057)(O,O,l) + vt ^tMfi) {0) + ^i+A^3l059)(O) 

A^2|06O)(O,-1,1) + ''9^3A^2l06l)(l,O,O) + ■'?|2A^5|062)(1,O,O) + A^3 |0^3) (_i,i,o) 
+^l"^2{l064)(l,-l,l) +^l^A+3|02g)(O)} + A+3|0^g)(3_Q^o) + A+3|02^)(2,l,o) 

+ A|2{|068)(3,-1,1) +^^A^3|0^9)(2,O,O) +^nA^3|0TO)(l,O,O)} + ^l!3l0?i)(l,O,O) 
+'Pt [n+i{l0?2)(O,l,O) + ^1+A^2|0?3)(O)} + n+2l0?4)(l,O,O) + Aj, I ^^s) (3,0,0) 
+'Ptl ^i'2{|0?6)(-l,O,l) + ^^3A^2l0?7)(O) + <2A^3l0?8)(O)} + ^i'3l0?9)(-l,l,O) 

+^2^2 1 '/'so) (0,-1,1) + 'Ptz\4>ll){Q) + A^2|l</'82)(1,0,1) + K?\<Pl:i) {I AO) + TltA\4>li) {0) 



A^3|0|5)(O,l,o) + Vt A^3l0?Ol)(l,O,O) + ^iA^3|086)(-l,l,O) + ^1^2A^3l087)(O) 
+^12A^3l</'88)(2,0,0)| + A^3 1 089) (1,1,0) + A^3|09o) (0,2,0) 

+^^2 'T^tz\4>ll){Q) + A|2||092)(2,-1,1) + ^^A+3|0^3)(i_o,O) + <iA^3|094)(O) 



+ A|3l</'95)(2,0,0) + A23|096)(1,1,O) + "^2^2 A23 1'/'g?) (2,0,0) + ^ll3A^2 1 098) (2,0,0) 



+ A 
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Al3 1^99) (4,0,0) + A^3 1 01Oo) (3,1,0) + '7o|Xo)(s)3' 



where, the vector |xo)(s)3 has the same definition and properties as |x^)(s)3 i^i the Eqs. (D.6), 
(D.7)-(D.15) without r/o-dependent terms and the decomposition of ghost-independent vectors 
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in'Hl^'H' with different values of spins than in (D.7)-(D.15) writes as follows 



l0^){-i,i,i) = 4X2(4310)0^1^ + 4243io)0'^i J + a+'^{43io)0g^ 

+4243io)0':u+a^X2io)0;:t, 

l0;)(2Ai) = 4'^4'^(4io)0j|,.,, + a+''{43io)|o)03,., + 4243io)0j,.,} 
+ar43io)0;'£ J + 4i(4no)0j|, + ar43io)0;i + 4"43io)0i 



(D.17) 
(D.18) 

(D.19) 



^ardt,4,mz) + 4"(43io)0^;f + 42410)0^^^' 



,112 



(D.20) 



|0?)(i,2,o) = a+4a+'^a+^(4)1O)0,%,, + ara+''42|O)0;Up + a^a^ |O)0:!|^,,, 

+42|o)0l;f + 4i(42)1o)0,V + 4242io)0'4) + a+44i42io)0;?, + 42lo)0';£), 

l</'?oo)(3,i,o) = 4''4^(4V^42|O)0?oo|..p. + 4V^|O)0foo|M.p,. + 42|O)0foo|M. (D-21) 

+4l42|O)0?oO|;..) + 4'^4'^4l|O)0?oO|p,. + 4l(4l42|O)0?oO + 42|O)0foo), 
l'/'99)(4,0,0) = 4^4'^(4V^|O)0^9|M.P. + 4l|O)0L|M.) + (4l)'|O)0^ 

|0?)(3,_i,i) = 4'43(4'^4lo)0f|,., + 4iio)0?i,), 

I0n)(o,2,o) = (4'^(42)'|O)0^|,, + ar42|O)03^,.) + 4^ar 

+bUd+rmi + 6+410)0:^ + 42io)0f , 



^27 



)(-2,2,O) = (42)'|O)|0 
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for / = l,82,m = 20, p = 46,r = 55, m = 90, t = 68. 



99; 


(D.22) 




(D.23) 




(D.24) 




(D.25) 


-- 1 and (5)3 


= (2,1,1) 



in the Eq.(6.6) and Eqs.(6.5) respectively, in odd powers of ghosts from (164+ 102) summands 
starting from the first order in momenta Vj, 



s)3 



I4)(l,l,l) +^2+{4(l02)(OAl) +4A2+3l03)(O) +42A2+3l04)(lAO) 



(D.26) 



+^t?,K2\(t>\){im) +4I06)(1,-1,1) +4I07)(1,O,O) +4l(l08)(-l,O,l) +4243l09)(O) 
+4342l4o)(0)) + 43l4l)(0) + 42l0}2)(O,-l,l) + 42l0}3)(2,-l,l) + 43l44)(2A0) 

' ,)(1,1A + ^i42l46)(0)) } + ^3^{4I47)(0,1,0) + 4I48)(1A0) + 4ll49)(-l,l,0) 



+ 
+ 

+4 (1 028) ( 

+42(|033)(OA1) +4342|034)(1,O,O)) + 43 I^Ss) (-1,2,0) } + ^^2 {4 (1036) (-1 Al) 



-42l02o){O) +42l02l)(2,O,O)} +^n{4(l022)(-2,l,l) +4243l</'23)(-l,l,0) 

-4342l024)(-l,l,O) + 4243l'/'25)(0) + 4342l026)(O) + 4242|027)(O,-1,1)) 
-4(|028)(-1A1) +4243l'/'29)(0) +4342l03o)(O)) + 4 I'/'si) (-1,1,0) + 43 1'/'L) (0,1 



,0) 



+4243l</'37)(0)) + 4l</'38)(0,-l,l) + 4l</'39)(0) + 42 1'/'L) (1,-1,1) + ^t?\'P\l) {Iflfi) 
-43(I</'42)(0,1,0) +442l0l3)(O))} +^2^2{4l044)(O,-l,l) +43l</'45)(l,0,0)} 

-^^3{4l0l6)(-l,l,O) + 4l047)(O) + 42l0j64)(l,O,O)} + 4^2^3l<^48)(0) + 43{4 (l</'l9)(l,l,0) 



+ 
+ 
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+^nA^2l05o)(O)) + l05l)(2,O,O) + ??n 1052) (0,1,0) + ^^2 1 053) (1,0,0) + <2l054)(3,O,O) 

+A^2{^]^(|055)(1,O,1) + ^nA^3l056)(-l,l,O) + ?7^A^3 |057)(1,O,O) + |058)(O) + '(?^2A^3l059)(2,O,O)) 

+Vt {\(Plo) (2,-1,1) + Vtl>'t3\(l>ll){0)) + Vt\<l>l2) {2m + vti{^^^^ 

+^1^2l065)(l,-l,l) + ^^2l066)(3,-l,l) + ^^^3 1 06?) (3,0,0) + ^^23 I^Gs) (2,1,0) } + A^s |r/i+ [^^g) (o,2,0) 
+^2"l07o)(l,l,O) + ?7n|07l)(-l,2,O) + ?7^2|072)(O,1,O) + ?7^2|073)(1,O,O) + ''?^2|074)(2,1,O) } 

|075)(2,O,1) + ^3^ {^1^1 076) (1,0,0) + ^n|077)(O)} + {^^ (1 078) (-1,0,1) 

+'(?^2A^3|079)(O) +'(9j3A+2|08o)(O)) +^J|0k)(O,-l,l) +^3"|082)(O) +'(?12|083)(1,-1,1) 

+f^^3l084)(l,O,O) +^^3l085)(O,l,O)} +^l"^2{^^l086)(O,-l,l) +^J3l087)(l,O,O)} 

+^lWl0L)(O) + A^3|r?l^|089)(2,O,O) +^n|09o)(l,O,O)} + A^2{?7l^(|09l)(2,-l,l) 
+^nA23l092)(O)) + ??i|093)(l,-l,l) + '^23l094)(3,O,O)} + A^3|r/^|095)(1,1,O) 

1 096) (2,0,0) + 1 097) (0,1,0) + ^^2 1098) (1,0,0) + '(?^2l099)(3,O,O) } 

|0ioo)(2,l,O) +^i{^^|0}oi)(-l,l,O) +^^|0}o2)(O) +^i2l0io3)(l,O,O)} 



+v. 



+^lW|0lo4)(O) + A^aj^^ |0io5)(2,O,O) + ^n|0lo6)(l,O,O)} 



+v 
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|0Jo7)(O,l,l) + ^1^2 {^l2|0lo8) (0,-1,1) + ^^^3l0}o9)(O) + ^^23 10no) (-1,1,0) } 



+^2V23l0ni)(o) + ^iVi2l0n2)(o) + A;2|^i"(|0n3)(o,o,i) + vt A23l0n4)(o) 

+<2A^3l0n5)(i,o,o)) +^Jl0n6)(i,-i,i) +^^l0n7)(i,o,o) +<i(|0n8)(-i,o,i) +<3l0m)(o) 
+^^l2A^5l0n9)(o)) + ^1^2 1 0m) (0,-1,1) + ^^^2 10m) (2,-1,1) + ^^#}23) (2,0,0) + ^23 10}24) (1,1,0)} 

+Al3{^i^|0l25)(O,l,O) + ?72" 1 0^26) (1,0,0) + ?7n |0m)(-l,l,O) + ^12 1 0^8) (0) + ''?12|0L9)(2,O,O)} 
+A^3{^^ |0}3O)(-1,2,O) + Vt\(t>l3l) (0,1,0) + ^nl0}32)(-2,2,O) + ^?^2|0}33)(-1,1,O) 

+?7^2|0l34)(O) + '(?^2|0i35)(l,l,O)} 

+^1^2 [10^36) (1,0,1) + A^s {^1^1 0m) (1,-1,1) + 1 0^38) (0,-1,1) + ^^^3l0l39)(2,O,O)} 

+A^3{^^ l0U)(i,o,o) + ?7nl0ui)(o)} + Aj3|r7i+| 0^2) (0,1,0) + |0u3)(i,o,o) + ?7n 10^44) (-1,1,0) 

+^1^2l0i45)(O) +^i2l0M6)(2,O,O)}] + ^2^2 [|0U7) (2,-1,1) + Aj^ {^7+ 10^48) (1,0,0) + 1 0^49) (0) } 

+^i'3[l0}5o)(l,l ,0) + A^aj^^ 1 0^51) (1,0,0) + ^n|0L2)(O)}] + ^2^310^3) (2,0,0) + A^2 [|0}54)(3,O,1) 

+A+3{^^I0}55)(3,O,O) +r/i+i|0i56)(2,O,O)} + A {r?^" 10^57) (2,1,0) + I0I58) (3,0,0) 

+^11 1 0159) (1,1,0) + ^^2 1 0^60) (2,0,0) + 'f?12|0}6l)(4,O,O)}] + A^j 10^62) (3,1,0) 
+A23l0i63)(2,2,O) +?7o|xJ)(.)3 

where, as an usual the vector |xo)(s)3 the same definition and properties as the 770-independent 
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part of |x^)(s)3 in the Eqs. (D.16), (D.17)-(D.25) and the decomposition of ghost-independent 
vectors in "H (^"H' with only different values of spins than in (D.7)-(D.15), (D.17)-(D.25) writes 
as follows, for / = 107, m = 1, r = 163, t = 154, 



+btidt2{dtsm] + dtAsm?} + bt2{dt3m'r + dt2dt3mn + K3dt,<Pt^' 



= <^t\<<^t'dt,{dt,ml^^^^+dU^^^^^ (D.2J 

+«3io)cUp} + ar4'dt2m^:^\,+arar4^^^^^^ 



p 

iv 



+bt3m'Z) + [<'t'{dtM<PZ + dt2dtsmz} + 4X2io)0;:f; 



|0^)(2,2,O) = 4V\4''<(rfr2)'|O)0i^P^+4V'^42|O)0;U,. 

+a+''a+'^io)0';i;,,^, + btM2rmi\,u + bt2dt2m'rVu + bt^mrU] 

+6+ (a+'^ar 4210)0^,. + + btiidt2)'ml + but^m', 

+bt2\o)€') + &?2(4Vlo)0;V,. + bt,\o)<pf 



(D.29) 



|0*')(3,o,i) = af-afat'^aridtsm^u,. + 4243|O)0;UJ + <43|O)0;|U. (D.30) 

+410)0;',;^.) + ar<(4i{43io)0i. + 4243lo)0;U} + 4243lo)C 

+43io)0;t) + 4"4i(<43io)0i,. + 4io)0'i,.) + 4i(4i{43io)0l 
43|o)0f } + 6+43lo)0f + 43io)0r)- 

At last, the conditions ( 6.6[ ) and (6.5) applied for Z = and (5)3 = (2,1,1) permit one to 
decompose the field vector \x)(s)3 to be derived from general Eq.(5.7), in even powers of ghosts 
from (190 + 164) summands starting from the ghost-independent vector |^E') {2,1,1), 

\x){sh = l^)(2,l,l) + 4|0l)(O,l,l) + Vt\<p2) (1,0,1) + |03)(1,1,O) + 4l|04)(-l,l,l) (D.31) 

+^il05)(O,O,l) + 43l06)(O,l,O) + '7^2l07)(l,-l,l) + '7^3l08)(l,O,O) + ^^^2 109) (2,0,1) 
+^13|01O)(2,1,O) +43l01l)(l,2,O) +^2^|4 (^J|012)(O,-1,1) +^^|013)(O) +42|014)(1,-1,1) 

+43l015)(l,O,O) +43l016)(O,l,O)) +^^43l017)(l,O,O) +4l(42l018){O,-l,l) 

+1^13\M(0) + 43l02o)(-l,l,O)) + 4243l02l)(O) + ^2^3 1022) (2,0,0) } 

+^3^{4(^2+l023)(O) +42l024)(l,O,O)) + 4l42 1 025) (0) } + «2 [l <^26) (-1,0,1) 

+43^12l027)(O)] +43l028)(-l,l,O) +43l029)(-2,2,O)) + (42l03o)(O,-l,l) 
+43l03l)(O) +43l032)(-l,l,O)) +'7^42|033)(O) +42(43l034)(l,O,O) +43l035)(O,l,O)^ 
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+P+|77+(<2l036)(O,-l,l) +^^3l<^37)(0) +^^3l038)(-ia,O)) +%+^i?|039)w 

+'^^2'^23l</'40)(l,0,0)} + ^lW^l2l04l)(O) + ^2W^^3l042)(O) + A^aj^l^ (??^| 043) (1,-1,1) 

1044) (1,0,0) + [|045)(-1,O,1) + ''?^2A^3l046)(O)] + ^1^2 1 04?) (0,-1,1) + Vtsl^l^As) (0) 
+t?^2l049)(2,-l,l) +^^3l05o) (2,0,0) + ^^3l05l)(l,l,O)) + (^1*1 1^52) (0,-1,1) + ^^^3 1 053) (2,0,0) 

+^^^n|054)(O) +^n(^^2 1 055) (1,-1,1) +'i?^3 1 056) (1,0,0) +'i?23 1 057) (0,1,0)) 

+^12^23l058)(l,O,O) +'(?12^23l059)(3,O,O)} + Ajj (^77j|06o) (1,0,0) + ?7n |06l) (-1,1,0) 

+^^2l062)(O) + ^^^2 1 063) (2,0,0)) + vt ^il064)(O) + ^n'^^2l065)(l,O,O) } 

+AJ3{^^"('72"|066)(O,1,O) + ?7n 1 067) (-2,2,0) + ?7]^2|068)(-1,1,O) + ?7^2|069)(O) + l?^2|07o)(l,l,O)) 
+^^(^n|07l)(-l,l,O) + ^^2|072)(O) + ^^^2 1073) (2,0,0)) + ^n^^^2|074)(O,l,O) + ^;i^2^^i2|075)(l,O,O)} 

+'P2 1 076) (1,0,1) + 1 077) (2,-1,1) + vt\<p7s) (2,0,0) + 1079) (0,0,1) + r?^2 1 08o) (1,-1,1) 

+^13 1 081 ) (1,0,0) + 'i?^2 1 082) (3,-1,1) + t?^} 1 083) (3,0,0) + t?^} 1 084) (2,1,0) 
+^n{^l^(^^2l085)(O,-l,l) +'(?^3l086)(O) +'(?J3l087)(-l,l,O)) + ?7^1?^3l088)(O) 

+^^2^^3 1089) (1,0,0)} +^lW^23l09o)(O) + {^1^ (^U I09l) (0,-1,1) + ^^3 1092) (2,0,0) 

+^n^23 1 093) (1,0,0) }+ AjjT^i+r^^l 1094) (0) + A^ajr^^ (^7^^1095) (1,0,0) + 1 096) (-1,1,0) 



+^1^2 



|097)(O) + ^^1^2 1 098) (2,0,0)) + vt Vtl\(p99) (0) + »7n^i2l01Oo)(l,O,O) } 

?7]^ 1 0101 ) (1,1,0) + 1 0102) (2,0,0) + '7n 1 0103) (0,1,0) + ^71^2 10104) (1,0,0) + ^^2 1 0105) (3,0,0) 
+VtiVt^t2\<Pw6){0) + >^t2VtVu\<Pw7){0) 

?7]^ 10108) (-1,1,1) + ?7j 10109) (0,0,1) + |011O)(O,1,O) + 77n|011l)(-2,l,l) + r?^2 1 0112) (-1,0,1) 

+^1^3 I019O) (-1,1,0) + ^^2 10113) (0,-1,1) + ^^3l0114)(O) + ^^2l0115)(l,O,l) + ^^3 10116) (1,1,0) 
+f^23 1 0117) (0,2,0) + ^l"^2^12^23l0118)(O) + A^2 j ^H^J 10119) (0,-1,1) + ^^|012o)(O) 



+'(?^2 1 012l) (1,-1,1) + l^^j 1 0122) (1,0,0) + '(?23 1 0123) (0,1,0)) + vt ^^3 1 0124) (1,0,0) 

+^n(^12l0125)(O,-l,l) + ^?^3l0126)(O) + ^?J3l0127)(-l,l,O)) + ^^2^J3l0128)(O) + ^^2^^sl0129)(2,O,O)} 
+A^3{^1^(^^ |013O)(O) + '*?^2|013l)(l,O,O)) + ^n^^2|0132)(O)} + A^3|7;i+ (r;^| 0133) (-1,1,0) 

+'f?^2 1 0134) (0,1,0)) +^^^|2|0135)(1,O,O) +^n^^2l0136)(-l,l,O) +r/^2^^2l0137)(O)} 

10138) (0,0,1) + |0139)(1,-1,1) + |014O)(1,O,O) + ^n|014l)(-l,O,l) + ^^2 1 0142) (0,-1,1) 
+^^3l0143)(O) + 'i?^2 1 0144) (2,-1,1) + -i^^j 1 0145) (2,0,0) + t^^j 1 0146) (1,1,0) + A^aj^]^ ^^^3 1 0147) (1,0,0) 
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+^n^923l</'l48)(0)| + 1 r/+ (^77+10149) (0) +^^2 1 015O) (1,0,0)) + ^n^l2 I015l) (0) 
+^2^2 ^5^|0152)(1,-1,1) +^71*1 10153) (0,-1,1) + ^^^3 1 0154) (2,0,0) 

+^13 '7l' 10155) (0,1,0) + |0156)(1,O,O) + |0157)(-1,1,O) + ^i*2 10158) (0) + ^^2 1 0159) (2,0,0) 
+^2"3 ^]^|016O) (1,0,0) +^nl016l)(O) 

+ ^^12 1 0162) (2,0,1) + 10163) (3,-1,1) + 1 0164) (3,0,0) + ^71*1 10165) (1,0,1) + ??^2 1 0166) (2,-1,1) 

+^13 1016?) (2,0,0) + ^^2l0168)(4,-l,l) + ^^^3 10169) (4,0,0) + ^^3l017o)(3,l,O) 
+ ■^13^1" ^71*110171) (1,0,0) + A^gjr/i^ (77^10172) (2,0,0) + 1 0173) (0,1,0) + ^1^2 10174) (1,0,0) 

+'*^^2 1 0175) (3,0,0)) + ^^^il0176)(l,O,O) + (^^2 10177) (0) + ?9^2l0178)(2,O,O)) } 

+ -^13 ^71^ 1 0179) (2,1,0) + |018O)(3,O,O) + |018l) (1,1,0) + ^7^2 1 0182) (2,0,0) + ^^2 10183) (4,0,0) 
+ -^23 1 0184) (1,2,0) + ^7^ |0185)(2,1,O) + ^711 10186) (0,2,0) + ^1^2l0187)(l,l,O) + ^^2 10188) (2,0,0) 
+'(9]*2 1 0189) (3,1,0) + Vo\Xo){sh , 

where, the vector \ xo)(s)3 has the same definition and properties as r/o-independent part of 
\x^){s)3 in the Eqs. (D.26), (D.27)-(D.30 ) and the decomposition of ghost-independent vectors 
i n H^ W with only different values of spins than in (|dT1)-( [d15| , ( [Dl7l )-( [a25| , ( [P^ - 



(D.30) has the form, 



|^)(2,i,i) = cti "I aV "a 



1 "1 



{c^+3|O)0^.,. + dtAzW^up.] + 4''{dtzm%p,. (D.32) 

+d+43io)0';;^,,} + a+'^d+ 10)0^2,.] +<«r<43lo)0Sp. 

+a+^a+V^|0)$^,,,,. + a+XAiidtM^i^u + rf^243|O)0;.} + at''ht^{dtM^",u 
+ar&li{rf^3|O)0£l + ^^^24310)021} + atXidt^m^^l + at^^dtM^^^^^ 

+<^'^3io)0i:i) + arht,m^^^ + htA'(ardt,\Q)C^ + 410)0!.!^)) 

+6+ {rf^3|O)0 + dtA,m'] + hUdt.W + «3|O)0'"} + feW2|O)0(^^) 

+6+43|O)0(^) + 6+10)0^"^) + fe^2(&;243|O)0^'^ + &^3|O)0^'O 
|0™)(3,-i,i) = at^dU^^'^U^up + &^i|O)0^|J , (D.33) 
|0p)(4,-i,i) = «^''^<43KV'|O)0p|;..p. + &^i|O)0p|^.) + {ht,fdt,m,, (D.34) 

for m = 163, p = 168, and with initial tensor field $/iv,p,cr describing massless particle with spin 
(2,1,1). 
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